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Entropy of a Kerr –de Sitter black hole due to arbitrary spin fields
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The Newman-Penrose formalism is used to derive the Teukolsky master equations controlling massless
scalar, neutrino, electromagnetic, gravitino, and gravitational field perturbations of the Kerr–de Sitter space-
time. Then the quantum entropy of a nonextreme Kerr–de Sitter black hole due to arbitrary spin fields is
calculated by the improved thin-layer brick wall model. It is shown that the subleading order contribution to
the entropy is dependent on the square of the spins of particles and that of the specific angular momentum of
black holes as well as the cosmological constant. The logarithmic correction of the spins of particles to the
entropy relies on the rotation of the black hole and the effect of the cosmological constant.
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I. INTRODUCTION

Ever since Bekenstein@1# and Hawking@2# discovered
that black holes are thermodynamic objects endowed wi
temperature proportional to its surface gravity and an
tropy equal to one fourth of its surface area, much effort
been devoted to investigating the statistical@3#, quantum@4#,
or dynamic@5# origin of black hole entropy@6#. A proposal
for the study of statistical origin of the black hole entropy
the brick wall method~BWM! suggested by ’t Hooft@7#. In
this model, the black hole entropy is identified with th
statistical-mechanical entropy of a thermal gas of quan
field excitations outside the event horizon, which is co
posed of the leading order correction~i.e., the standard
Bekenstein-Hawking entropy! and the logarithmic contribu
tions to the black hole entropy. The subleading order corr
tions contain two parts, in general: the logarithmic term fro
the integral in the optical space and the logarithmic corr
tion from the effective potential. This method, especia
with the aid of the Newman-Penrose formalism@8,9#, has
been successfully used in studies of the statistic
mechanical entropy of scalar fields for some static bla
holes@7,10# and stationary axisymmetric black holes@11,12#.
In the case of various static spherically symmetric bla
holes, it has also been applied to evaluate the entrop
spinor fields @13,14# and electromagnetic fields@15#. Re-
cently the BWM has been used to calculate the entropy
Dirac field for the Kerr~-Newman! black hole@16#. However
all these calculations did not consider the logarithmic con
bution from the coupling of the spin of particles with th
rotation of black holes. This kind of spin-rotation couplin
effect appears@17# in the Hawking thermal radiation spec
trum of Dirac particles and photons in some nonstation
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Kerr~-Newman! black holes@18#. Though the subleading or
der correction had been included in Ref.@14#, but only the
logarithmic contribution from the integral in the optica
space had been considered there, the logarithmic term f
the effective potential including the quadratic spin terms s
had been neglected in those studies. The latter correc
cannot be ignored in general, because it is of the same o
as the former in the high frequency approximations. T
presence of a logarithmic divergence in the entropy of
quantum scalar field has also been confirmed by other dif
ent approaches@19–21#, such as the conical singularity ap
proach, the heat kernel expansion method, and thez-function
regularization technique, etc. As far as the rotating black h
case is concerned, the logarithmic contribution both from
integral in the dragged optical space and from the effec
potential had been considered by using the BWM only
the scalar field in recent research@22#.

Recently much attention has been paid to the quan
entropies of black holes due to higher spin fields@23–26#. Li,
Shen and Gao, and Gao and Shen@23#, investigated the en-
tropies of arbitrary spin fields in various spherically symm
ric black holes, but did not consider the logarithmic cont
bution from the integral in the optical space nor t
subleading order correction from the effective potential
cluding the quadratic spin terms. Li@24# studied the entropy
of one component of massless fields with spins51/2, 1, and
2 in the Reissner-Nordstro¨m black hole by the BWM and
found that the logarithmic correction to the entropy depen
on the linear term of the spins of the particles. Jing and Y
@25# calculated the entropy up to subleading terms of ma
less fields of spins.0 for the Kerr black hole and showe
that the contribution of the spins to the logarithmic term
shall decrease the statistical-mechanical entropy of a K
black hole. López-Ortega@26# extended this analysis to th
Rarita-Schwinger field case but pointed out that the entr
is increased by the logarithmic terms relating to the squar
spins of particles. However the coefficients of the quadra
spin terms in the expressions of entropy presented in R
@25# and @26# are incompatible with each other and the
©2004 The American Physical Society19-1
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validity is in doubt. Thus it deserves to take the logarithm
terms to the black hole entropy from the effective poten
into account in details. How the spins of the quantum fi
changes the quantum entropy of a rotating black hole is
interesting question and needs to be further clarified. T
knowledge of the entropy as a function of the spin of t
field will be helpful to study the species dependence prob
of the BWM on a rotating black hole.

On the other hand, although the original BWM has co
tributed a great deal to the understanding and calculatio
the entropy of a black hole, there are some drawbacks
such as the little mass approximation and taking the te
including L3 (L being the ‘‘infrared cutoff’’! as a contribu-
tion of the vacuum surrounding the black hole, etc. T
model is constructed on the basis of thermal equilibrium a
large scale, so it cannot be applied to cases out of equ
rium, such as spacetime with two horizons, for example
Schwarzschild–de Sitter black hole and Vaidya black h
@27,28#. However one can improve this original BWM b
taking only the entropy of a thin layer near the event horiz
of a black hole into account, and utilize this improved th
layer brick wall method to resolve some thermal nonequi
rium problems that can hardly be treated by the origi
BWM @27,28#.

For a Kerr–de Sitter spacetime with nondegenerate h
zons, it has a cosmological horizon and an outer black h
event horizon. As shown in Refs.@29# and @30#, there will
appear two cases:~1! the general case that the temperatu
of these two horizons are distinct. In this case, a nonextre
Kerr–de Sitter spacetime is a thermal nonequilibrium s
tem. When the cosmological constant is very small, the
horizons will separate far away. Then each horizon, in p
ciple, can be treated as an isolated thermodynamical sys
Although the total system consisted of the two horizons
thermal nonequilibrium, the thin layer near the horizon c
be taken as a local thermal equilibrium system. The quan
entropy of such a black hole can be calculated via this
proved BWM which means that the entropy comes from
thin layer near the horizon. By arguments on thermodyna
ics of a composite system, the total entropy of a nonextre
Kerr–de Sitter spacetime is then taken the sum of the c
tribution from each horizon; and~2! a special case that th
temperatures of the two distinct horizons are equal. The m
ric in this special case is called the lukewarm soluti
@29,30#. The lukewarm solution achieves global thermod
namic equilibrium, however it is unstable to changes in
mass of the black hole. In the lukewarm case, the notion
local thermal equilibrium is therefore not required, and o
can still work with the original BWM to calculate the en
tropy of each horizon. It should be pointed out that the
pression of the entropy in the lukewarm case is just a spe
case of that obtained in our general considerations. So
shall mainly consider the general case and leave the lu
warm case for a special discussion.

In this paper, the entropies of nonextreme Kerr–de Si
black holes due to higher spin fields are taken up for con
eration on which the effect of the cosmological constant a
that of the spins of particles are emphasized. The subje
important because the study of spacetimes which are asy
04401
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totically de Sitter has received a great deal of attention
cently. The recent astrophysical observations@31# of type Ia
supernovae which indicate a positive cosmological cons
@32# and the recent dS/conformal field theory corresponde
@33# are two main motivations for studying the thermod
namics of black holes with a cosmological constant.
should be noted that a realistic black hole may be in
asymptotically nonflat space, thus it becomes importan
investigate the effect of the cosmological constant on
entropies of these kinds of black holes. In Ref.@34#, the
renormalized black hole entropy for the massive scalar fi
in a Schwarzschild-anti–de Sitter space has been consid
recently by Winstanley via the original ‘‘brick wall’’ method
Although recent work@35# has dealt with the entropy due t
massless Dirac fermionic and scalar fields in the Newm
Unti-Tomborino Kerr-Newman–de Sitter spacetime case
puts emphasis on the improved brick wall model and o
cares for the leading correction to black hole entropy, i.e.,
standard Bekenstein-Hawking entropy.

The purpose of this paper is to deduce expressions of
entropy of nonextreme Kerr–de Sitter black holes aris
from arbitrary spin fields by using the improved brick-wa
method and to investigate effects of the spins of particles
the cosmological constant on the statistical entropy. In t
study, we carefully deal with the subleading order contrib
tion to the entropy not only from the integral in the dragg
optical space but also the logarithmic term from the effect
potential including the quadratic spin terms, namely, the s
leading corrections to the entropy arising from the coupl
of the spins of the particles with the rotation of the bla
holes and the cosmological constant, regardless of a pos
or negative one.

The paper is organized as follows. Within the Newma
Penrose formalism@8,9#, we derive in Sec. II the maste
equations governing massless Klein-Gordon scalar, W
neutrino, Maxwell electromagnetic, Rarita-Schwinger gra
itino, and linearized Einstein gravitational field perturbatio
of the Kerr–de Sitter space. Section III is devoted to ded
ing expressions of the statistical-mechanical entropy of
nonextreme Kerr–de Sitter black hole due to arbitrary s
fields by using the thin-layer BWM. In Sec. IV, we giv
some arguments about the difference with previously p
lished results. The last section summarizes our discussi
Appendix A separates the Teukolsky master equations
presents the Teukolsky-Starobinsky identities in the Kerr–
Sitter geometry. In Appendix B, we calculate some integr
by the thin-layer BWM.

II. PERTURBATIONS OF SPIN FIELDS
IN THE KERR –DE SITTER SPACE

The line element of the Kerr–de Sitter spacetime can
written in a coordinate system of Boyer-Lindquist type
@36,37#

ds252
D r

x2S
~dt2a sin2u dw!2

1
Du sin2u

x2S
@adt2~r 21a2!dw#21SS dr2

D r
1

du2

Du
D ,

~1!
9-2
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ENTROPY OF A KERR–de SITTER BLACK HOLE DUE . . . PHYSICAL REVIEW D 69, 044019 ~2004!
where

D r5~r 21a2!S 12
r 2

l 2 D 22Mr ,

Du511
a2

l 2
cos2u,

x511
a2

l 2
,

S5rr* 5r 21a2 cos2u, r5r 1 ia cosu,

r* 5r 2 ia cosu.

Here M is the mass of the black hole,a is its angular mo-
mentum per unit mass, andL̃53/l 2 is the cosmological con
stant. To fit with the recent astrophysical observations@31# of
type Ia supernovae, we require that the constantL̃ is positive
but very small@32#. This means that the radius of the d
Sitter horizon is very large. The metric determinant, Ri
scalar, and the only nonvanishing Weyl scalar are,A2g

5S sinu/x2, R54L̃512/l 2, C̃252M /r* 3, respectively.
The metric has coordinate singularities at the roots ofD r

50. For a range of parameters that satisfy the condit
l 2/3@M2.a2, there are four distinct real roots, three
which are positive and correspond~in decreasing order! to
the cosmological, outer, and inner horizons of the black h
respectively. The fourth root is negative and nonphysica
significant case is the lukewarm solution@29,30# which sat-
isfies the conditionM25a2x2. In this special case the hor
zons are generally distinct whereas the surface gravity
both horizons is identical. In the allowed range of the phy
cally meaningful parametersa andM, the admissible classe
of the Kerr–de Sitter solutions are categorized completely
Booth and Mann@30# in details. In this paper, we shall as
sume that the horizons are nondegenerate and are m
interested in the general case that the temperature of the
mological horizon and that of the outer black hole eve
horizon are different from one another, and separate the lu
warm case for a special discussion.

To derive a single master equation governing the per
bations of the Kerr–de Sitter spacetime, we work it with
the Newman-Penrose formalism@8,9# by choosing the null-
tetrad vectors as

l m5
1

D r
@~r 21a2!x,D r ,0,ax#,

nm5
1

2S
@~r 21a2!x,2D r ,0,ax#,

mm5
1

A2Dur
S ixa sinu,0,Du ,

ix

sinu D ,

mm5~mm!* , ~2!
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and obtain the nonvanishing spin coefficients as follows:

r̃5
21

r*
, m5

2D r

2Sr*
, g5m1

D r8

4S
,

t5
2 iaADu sinu

A2S
,

p5
iaADu sinu

A2r* 2
, b5

ADu

2A2r
S cotu1

Du8

2Du
D , a5p2b* ,

~3!

where a prime denotes the partial differential with respec
its argument.

Assuming that the azimuthal and time dependence of
perturbed fields will be of the formei (mw2vt), we find that
the directional derivatives are@37#

D5 l m]m5D0 , D5nm]m5
2D r

2S
D 0

† ,

d5mm]m5
ADu

A2r
L 0

† , d5mm]m5
ADu

A2r*
L0 , ~4!

where

Dn5
]

]r
2

ixK1

D r
1n

D r8

D r
,

Ln5
]

]u
2

xK2

Du
1nS cotu1

Du8

2Du
D ,

D n
†5

]

]r
1

ixK1

D r
1n

D r8

D r
,

L n
†5

]

]u
1

xK2

Du
1nS cotu1

Du8

2Du
D ,

and

K15v~r 21a2!2ma, K25av sinu2
m

sinu
~5!

with the relations

K12K2a sinu5vS, K281K2 cotu52av cosu. ~6!

Using the Newman-Penrose formalism@8,9# it can be shown
that perturbation master equations in the Kerr–de Sitter
ometry are separable for massless spins50, 1/2, 1, 3/2, and
2 fields @38#. Teukolsky’s master equations@39# controlling
the perturbations of Kerr-de Sitter black hole for massl
arbitrary spin fields (s51/2, 1, 3/2, and 2 for Weyl
neutrino, source-free Maxwell electromagnetic, Rari
Schwinger gravitino, and the linearized Einstein gravitatio
fields, respectively! read@40#
9-3
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$@D2~2s21!e1e* 22sr̃2 r̃* #~D22sg1m!

2@d2~2s21!b2a* 22st1p* #~d22sa1p!

2~s21!~2s21!C̃2%Fs50, ~7!

for spin weights51/2, 1, 3/2, 2 and

$@D1~2s21!g2g* 12sm1m* #~D12se2 r̃ !

2@d1~2s21!a1b* 12sp2t* #~d12sb2t!

2~s21!~2s21!C̃2%F2s50, ~8!

for spin weights521/2,21,23/2,22 (s is the spin of the
perturbed fields!. It is clear that Eqs.~7! and ~8! are also
valid when s50, they coincide with the massless confo
mally coupled scalar field equation

~h1R/6!F50, ~9!

with F5F05F20.
All the above equations are separable by using

Newman-Penrose formalism, and can be written as~ignoring
the factorei (mw2vt))

F 1

S
~D rD1D s

†1ADuL 12s
† ADuLs!

12~2s21!S ixv

r*
2

s21

l 2 D GFs50, ~10!
04401
e

F 1

S
~D rD 12s

† D01ADuL12sADuL s
†!

22~2s21!S ixv

r*
1

s21

l 2 D G ~r* 2sF2s!50.

~11!

It can be directly shown that Eqs.~10! and ~11! are also
satisfied by the scalar Debye potentialsfs5Fs /r* 2s and
f2s5r* 2sF2s , which obey@40#

$@D2~2s21!e1e* 2 r̃* #@D22sg2~2s21!m#

2@d2~2s21!b2a* 1p* #@d22sa2~2s21!p#

2~s21!~2s21!C̃2%fs50, ~12!

$@D1~2s21!g2g* 1m* #@D12se1~2s21!r̃#

2@d1~2s21!a1b* 2t* #@d12sb1~2s21!t#

2~s21!~2s21!C̃2%f2s50. ~13!

In Ref. @38#, the authors showed that Eqs.~10! and~11! can
be further separated and transformed into Heun equation
the case of a Kerr black hole, they degenerate to the ge
alized spheroidal wave equation@41,42#, a confluent form of
Heun equation@42#. Exact solutions to these equations, a
integral equations as well as other related applications ca
found in Refs.@38,41–44#. To the end of this paper, we d
not take these into account, but just present in Appendi
the radial Teukolsky-Starobinsky identities@40,45# where the
coefficientC2 corrects the previously published results@46#.
From their obvious expressions of the above Eqs.~10! and
~11!
tate
1

S H D r
2s ]

]r S D r
11s ]

]r D1
x2K1

22 isxK1D r8

D r
1

s

2
D r91

1

sinu

]

]u S Du sinu
]

]u D2
1

Du
FxK22sS Du8

2
1Du cotu D G2

14isxvr2
4s212

l 2
SJ Fs50, ~14!

and

1

S H D r
s ]

]r S D r
12s ]

]r D1
x2K1

21 isxK1D r8

D r
2

s

2
D r91

1

sinu

]

]u S Du sinu
]

]u D2
1

Du
FxK21sS Du8

2
1Du cotu D G2

24isxvr2
4s212

l 2
SJ f2s50, ~15!

one can easily find that they are dual by interchangings→2s. Thus one only needs to consider the case of positive spin s
p5s, and obtain the results for the negative spin statep52s by substitutings→2s. Equations~14! and ~15! can be
combined into the form of Teukolsky’s master equation@39#
9-4
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H D r

S

]2

]r 2
1

~11s!D r8

S

]

]r
1

Du

S

]2

]u2
1

Du81Du cotu

S

]

]u
1

v2x2

S F ~r 21a2!2

D r
2

a2 sin2u

Du
G

2
2vmax2

S S r 21a2

D r
2

1

Du
D1

m2x2

S S a2

D r
2

1

Du sin2u
D 1

2svx

S Fa sinuS Du8

2Du
2 cotu D 2

iD r8

2D r
~r 21a2!12ir G

1
2smx

S F iaD r8

2D r
2

1

sinu S Du8

2Du
1 cotu D G1

s

2S
D r92

4s212

l 2
2

s2Du

S S Du8

2Du
1 cotu D 2J Cs50,

~s50,61/2,61,63/2,62!. ~16!

In the above master Equation~16!, one can identify the term proportional to (4s212)/l 25(2s211)R/6 with the confor-
mally coupled term for arbitrary spin fields in virtue of the nonvanishing Ricci scalar in the Kerr–de Sitter spacetime.
next section we will utilize this equation to obtain the density of states by using the Wentzel-Kramers-Brillouin~WKB!
approximation scheme.

III. ENTROPY OF KERR –de SITTER BLACK HOLES DUE TO SPIN FIELDS

Now we calculate the entropy due to arbitrary spin fields for the nonextreme Kerr–de Sitter black hole by the thi
BWM. First we try to seek the total number of modes with energy less thanv. In order to do this, we make use of the WK
approximation and substituteCs;eiG(r ,u) into the above Teukolsky’s master Equation~16!, then we obtain

D r

S
kr

21
Du

S
ku

21
v2x2

S Fa2 sin2u

Du
2

~r 21a2!2

D r
G1

2vmax2

S S r 21a2

D r
2

1

Du
D1

m2x2

S S 1

Du sin2u
2

a2

D r
D

1
2svxa sinu

S S cotu2
Du8

2Du
D 1

2smx

S sinu S Du8

2Du
1 cotu D 1

s2Du

S S Du8

2Du
1 cotu D 2

1
4s212

l 2
2

s

2S
D r950, ~17!
the

de
in which, kr5G,r andku5G,u are the ‘‘wave numbers.’’ In
terms of the covariant metric componentsgmn , Eq. ~17! can
be rewritten as

kr
2

grr
1

ku
2

guu
1

gwwv212gtwmv1gttm
2

D
12~vB1mC!1Hs50, ~18!

where

grr 5
S

D r
, guu5

S

Du
, gtt5

Dua2 sin2u2D r

x2S
,

gtw5
D r2~r 21a2!Du

x2S
a sin2u,

gww5
~r 21a2!2Du2D ra

2 sin2u

x2S
sin2u,

D5gttgww2gtw
2 52

D rDu sin2u

x4
, ~19!
04401
B5
sxa sinu

S S cotu2
Du8

2Du
D ,

C5
sx

S sinu S Du8

2Du
1 cotu D ,

Hs5
s2Du

S S Du8

2Du
1 cotu D 2

1
4s212

l 2
2

s

2S
D r9 .

To obtain the density of states, let us suppose that
quantum field is rotating with an angular velocityVh in a
thin-layer very near the horizon of the nonextreme Kerr–
Sitter black hole. SubstitutingE5v2mVh into Eq.~18!, we
reduce it into the form

kr
2

grr
1

ku
2

guu
1

gwwE 212~gtw1gwwVh!mE1g̃ttm
2

D
12@EB1m~VhB1C!#1Hs50, ~20!

and then rewrite it as

kr
2

grr
1

ku
2

guu
1

2g̃tt

2D ~m1m0!25
1

2g̃tt

~E1sW!22Vs ,

~21!
9-5
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where

g̃tt5gtt12gtwVh1gwwVh
2 ,

m05
~gtw1gwwVh!E1~VhB1C!D

gtt12gtwVh1gwwVh
2

, ~22!

sW5~gtt1gtwVh!B2~gtw1gwwVh!C,

Vs5Hs2~gttB
222gtwBC1gwwC2!5P2

sD r9

2S
.

g̃tt is the temporal component of the metric of the dragg
optical space@47,48#, W is the angular velocity caused by th
rotation of the black hole and can be called the ‘‘spin pot
tial,’’ while Vs is the effective potential@11# which is equal to
m21jR5m2112j/ l 2 in the case of a massive scalar fie
with an arbitrary conformally coupling (j51/6 for the mini-
mally coupling!, wherem is the mass of the field.

For a given energyv5E1mVh and a given azimutha
angular momentumm, Eq. ~21! represents an ellipsoid o
three-dimensional momentum space,a compact surface,
spanned bykr , ku , and m, which is a subspace of a six
dimensional phase space, supposed that the following co
tions could be satisfied:

grr .0, guu.0, 2g̃tt.0, 2D.0,

~E1sW!21g̃ttVs>0. ~23!

Therefore in this case, for the positive spin state of s
fields the number of modes withE is equal to the number o
states in this classical phase space@11#

G~E,s!5
1

~2p!3 E drdudw E dkrdkudm

5
1

3p E duE
r h1«

r h1N«

dr
A2g

~2g̃tt!
2

@~E1sW!21g̃ttVs#
3/2.

~24!

Here we impose the improved thin-layer BWM bounda
conditions in the integral with respect to the radial coordin
r, that is, we assume that the quantum field is equal to z
for r<r h1« and r>r h1N«, with r h@«. The ultraviolet
cutoff « is a small distance from the horizonr h to the inner
brick wall, the cutoff parameterN is a sufficient big integer
to remove the infrared divergence. In other words, the in
red cutoff L in the original BWM is now replaced byr h
1N« in the upper limit of the radial integral. This reflects
significant difference from the original BWM, and such im
proved BWM is called the thin-layer model@28#, it can over-
come some defects in the original BWM.

In the original brick-wall model, it is supposed that th
black hole is in thermal equilibrium with the external field
a large spatial region. This method cannot be applied t
nonequilibrium system such as a system of spacetime
04401
d

-

di-

n

e
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a
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two horizons, for example, Schwarzschild–de Sitter spa
time and Vaidya spacetime@27,28#. In such spacetimes, two
problems arise:~a! the thermal equilibrium between the ex
ternal field and the hole is unstable, so the thermal equi
rium on a large scale basis for the brick wall does not ex
and ~b! since the two horizons have different temperatur
there exists no global thermal equilibrium over the ent
spacetime, and statistical physics laws are invalid there.

In the thin-layer method, the entropy of the black hole
mainly attributed to the degrees of the freedom of the field
the thin-layer (r h1«<r<r h1N«) covering the surface o
the horizon. The Bekenstein-Hawking entropy should be
sociated with the fields in this small region near the horiz
where the local thermal equilibrium exists and statisti
physics laws are still valid. To guarantee that the notion
local thermal equilibrium can work very well, here one su
poses that the physical quantities of the thermodyna
properties of the exciting field outside the hole vary sligh
in the vicinity of the horizon. On the one hand, the length
the thin-layer region near the horizon must be small eno
on a macroscopic scale so that the physical quantities in
region can approximately be treated as some constants in
vicinity, and approximate equilibrium in the small region
achieved. On the other hand, the region must be large eno
on a microscopic scale so that the statistical mechanics
valid for the fields in the near horizon region, and the th
modynamic variables can be defined through a partit
function. In order for local equilibrium to be maintained, it
necessary that the hole’s radiation is slight enough that
fluctuation of thermodynamic properties of fields can
treated as a small quantity. In most cases, this condition
be satisfied except for those ones at the Planckian scale

In the spacetime that has two horizons with two differe
temperatures, there exists no global thermal equilibrium
the entire spacetime, however approximate thermal equ
rium exists in the two layers near each horizon. Thus
global thermal equilibrium is not needed, the validity of loc
thermal equilibrium is crucial to the discussion@28#. In such
a thin-layer BWM, the total entropy is mainly attributed
the two thin-layers near the two horizons, namely, it is
linear sum of the area of each horizon.

In the case of a nonextreme Kerr–de Sitter black h
with nondegenerate horizons, situation is more involved. T
issue of local versus global thermal equilibrium is a rath
delicate one. As mentioned before, there are two cases
can happen:~1! In the general case, the temperatures of
cosmological and black hole event horizons are distinct;
~2! in the lukewarm case, both temperatures are equal. In
general, nonextreme Kerr–de Sitter background, there is
time-like Killing vector which is well-defined in the whole
region surrounded by the two horizons. Hence the system
the general case cannot be in thermal equilibrium globa
namely, there exists no thermal equilibrium in the ent
spacetime since the two horizons have different tempe
tures. In addition, there cannot exist a global thermal eq
librium between the external field and the hole in a lar
spatial region. Thus in this general case, one must work w
the thin-layer method to calculate the entropy of the Kerr–
Sitter black hole. In the lukewarm case (M25a2x2), how-
9-6
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ENTROPY OF A KERR–de SITTER BLACK HOLE DUE . . . PHYSICAL REVIEW D 69, 044019 ~2004!
ever, the cosmological and black hole event horizons ar
thermal equilibrium~but unstable to changes in the mass
the black hole@29#!. In this special case, one need not intr
duce the notion of local thermal equilibrium; one can s
adopt the original BWM to calculate the entropy of ea
horizon. The main interest of this paper is in the gene
case, and we will turn to the lukewarm case for a spe
consideration. In both cases, the total entropy of a quan
field in the nonextreme Kerr–de Sitter spacetime is summ
up from the entropies corresponding to the maximal a
minimal spin-weight components.

Summing over the positive and negative spin statep
56s, we get the total states number

G~E!5
gs

2
@G~E,s!1G~E,2s!#

5
gs

6p E duE
r h1«

r h1N«

dr
A2g

~2g̃tt!
2
$@~E1sW!21g̃ttVs#

3/2

1@~E2sW!21g̃ttV2s#
3/2% ~25!

'
gs

3p E duE
r h1«

r h1N«

dr
A2g

~2g̃tt!
2

3FE 313S 1

2
g̃ttP1s2W2D E2

3s2D r9

4S
g̃ttWG

[
gs

3p
@ I 1E 313~ I 21s2I 3!E23s2I 4#.

In the above, we have expanded Eq.~25! in the high fre-
quency approximation and introduced an appropriate deg
eracygs for each species of particles~it is well-known that
gs52s11 in the nonrelativistic quantum statistics cas!.
Heregs51 for scalar field (s50), gs52 for Weyl neutrino
(s51/2), Maxwell electromagnetic (s51), Rarita-
Schwinger gravitino (s53/2) and linearized Einstein grav
tational (s52) fields, andgs54 for massless Dirac field (s
51/2), respectively. The following four integrals in terms
the thin-layer BWM are calculated in Appendix B:

I 15 E duE
r h1«

r h1N«

dr
A2g

g̃tt
2

,

I 25
1

2 E duE
r h1«

r h1N«

dr
A2g

g̃tt

P,

I 35 E duE
r h1«

r h1N«

dr
A2g

g̃tt
2

W2,
04401
in
f

l

l
l

m
d
d

n-

I 45 E duE
r h1«

r h1N«

dr
A2g

g̃tt

D r9

4S
W,

~26!

P5
4s212

l 2
1

s2Du

S S Du8

2Du
1 cotu D 2

2~gttB
222gtwBC1gwwC2!.

Apparently the integralI 1 is related to the volume of the
dragged optical space@47,48#.

It is known that a ‘‘physical space’’ must be dragged
the gravitational field with an azimuthal angular velocityVh
in the stationary rotating spacetime. Since we have suppo
that a quantum field in a thin-layer very near the horizon is
local thermal equilibrium with the nonextreme Kerr–de S
ter black hole at the asymptotic temperature 1/b measured by
an observer located at the spatial infinity, it is appropriate
assume that the quantum field is rotating with angular vel
ity Vh in this thin-layer also. Note that here we use t
asymptotic quantities rather than those measured by a l
~corotating! observer in the thin-layer. In fact the equivalen
principle implies that a thin-layer system in local therm
equilibrium has a local Tolman inverse temperature given

b local5bA2g̃tt, with b being the asymptotic inverse tem
perature@49#. The temperature measured by this local o
server is a local temperatureb local, correspondingly he also

measures a local~blue-shifted! energy v local5v/A2g̃tt,
where the energyv measured by the asymptotic observer
associated with the coordinate timet. The quantity bv
5b localv local is an invariant due to the first thermodynam
law, and so isb(v2mVh), etc. As the equivalence betwee
using local quantities and using asymptotic ones has alre
been proven in Ref.@50#, one can directly adopt the
asymptotic quantities, needless to make further conversi
For such a local~quasi-!equilibrium ensemble of states o
spin fields, the free energy can be expressed as follows:

F5
~21!22s

b E dmE dvg~v,m!

3 ln @12~21!2se2b(v2mVh)#

52 E dmE dv
G~v,m!

eb(v2mVh)2~21!2s

52 E
0

`

dE G~E!

ebE2~21!2s
, ~27!

where we have made a variable substitutionE5v2mVh .
The formulas for the density of statesg(v,m)
5dG(v,m)/dv and G(E)5 * G(E1mVh ,m)dm had also
been used. Inserting Eq.~25! into Eq.~27! and then carrying
out the integral overE, we get the expression for the fre
energy
9-7
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F52
gs

6p E duE
r h1«

r h1N«

dr
A2g

~2g̃tt!
2 E0

` dE
ebE2~21!2s

3$@~E1sW!21g̃ttVs#
3/21@~E2sW!21g̃ttV2s#

3/2%

'2
gs

3p E
0

` dE
ebE2~21!2s

@ I 1E 313~ I 21s2I 3!E23s2I 4#

52gsF2z~4!
151~21!2s

16pb4
I 11z~2!

31~21!2s

4pb2
~ I 21s2I 3!

2z~1!
11~21!2s

2pb
s2I 4G , ~28!

wherez(n)5 (k51
` 1/kn is the Riemann zeta function,z(4)

5p4/90, z(2)5p2/6, etc.
We are now ready to obtain the entropy of the nonextre

Kerr–de Sitter black hole due to arbitrary spin fields fro
the standard formulaS5b2(]F/]b),

S5
gs

2p F z~4!
151~21!2s

b3
I 11z~2!

31~21!2s

b
~ I 21s2I 3!

2z~1!„11~21!2s
…s2I 4G . ~29!

Next, we are in a position to consider the four integr
-
ld
th
io
he
e

04401
e

s

I 1;I 4. It is easy to obtain the Hawking temperature and
area corresponding to the horizonr h of the nonextreme
Kerr–de Sitter black hole

bh
215

kh

2p
5

D r h
8

4px~r h
21a2!

5
D r h

8

x2Ah

, Ah54p~r h
21a2!/x.

~30!

By means of the thin-layer BWM, we take the angular v
locity of a quantum field near the horizon of the nonextre
Kerr–de Sitter black hole asVh5a/(r h

21a2), and find that
only the integralsI 1 and I 2 contribute to the leading and
subleading terms in the entropy, while the integralsI 3 andI 4
can be ignored as usual because the integralI 3 can be attrib-
uted to the contribution of the vacuum surrounding the h
due to I 3;O(e) and I 4 vanishes at least up to the ord
O(e). The final expressions for these integrals are presen
in Appendix B where the ultraviolet cutoff« is replaced by
the proper distanceh from the horizon to the inner brick wal
h5 * r h

r h1« Agrr dr'2(«Sh /D r h
8 )1/2. In order to be compa-

rable with the results already appeared in the literature an
simplify the expression, we have set the new ultraviolet c
off e and infrared cutoffL by h252e2/15 andN5L2/e2 as
did in Refs.@20,25# and @26#. With utilization of the results
given by Eq. ~B7!, we obtain the statistical-mechanic
entropy
S/gs5p3
151~21!2s

180b3
I 11p

31~21!2s

12b
I 2

5
151~21!2s

90x~bkh /p!3 F15~r h
21a2!

4e2
1S 12

3r h
21a2

2l 2 D ln
L

e G
1

31~21!2s

24x~bkh /p! H 2
4~r h

21a2!

l 2
1s2Fa22r h

2

r h
2

1
r h

22a2

l 2
1S r h

21a2

r h
2

2
9r h

21a2

l 2 D r h
21a2

arh
arctanS a

r h
D G J ln

L

e
. ~31!

Assuming that the field is in the Hartle-Hawking vacuum state and takingb5bh , we get that the entropy is given by

S/gs5
151~21!2s

16 F Ah

48pe2
1

1

45x S 12
3r h

21a2

2l 2 D ln
L

e G
1

31~21!2s

4 H 2
Ah

12p l 2
1

s2

12x Fa22r h
2

r h
2

1
r h

22a2

l 2
1S r h

21a2

r h
2

2
9r h

21a2

l 2 D r h
21a2

arh
arctanS a

r h
D G J ln

L

e
. ~32!
t of

not
ef-

r a
Equations~31! and ~32! show that the entropy of a nonex
treme Kerr–de Sitter black hole due to arbitrary spin fie
consists of two parts, the leading order contribution and
subleading order corrections, or equivalently the contribut
from the integralI 1 in the dragged optical space and t
logarithmic termI 2 from the effective potential including th
s
e
n

quadratic spin terms. The logarithmic corrections consis
the one from the integralI 1 and that from the integralI 2,
both of them are of the same order, therefore the latter can
be thrown away any more. It should be noted that the co
ficients of the logarithmic divergence is universal~invariant
under a change in the value of the cutoff, or even unde
9-8
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ENTROPY OF A KERR–de SITTER BLACK HOLE DUE . . . PHYSICAL REVIEW D 69, 044019 ~2004!
change in the regulator scheme!. The expression of Eq.~32!
may settle down the species dependence problem of the b
wall entropy on a rotating black hole, it covers many pre
ously obtained results.

To see what role the conformally coupling plays in t
calculation, we also present the expression of the entropy
a massive scalar field in the nonextreme Kerr-Newman
Sitter black hole

S5
Ah

48pe2
1

1

45x F12
3r h

21a2

2l 2
2

3Q2

4r h
2

3S 11
r h

21a2

arh
arctanS a

r h
D D G ln

L

e

2
Ah

24p S m21
12j

l 2 D ln
L

e
, ~33!

with an arbitrary conformally coupling constantj. It is not
difficult to find that the conformally coupling will contribute
a logarithmic correction to the entropy. By settingN51 in
Eqs. ~32! and ~33!, we recover the standard Bekenste
Hawking entropy.

IV. DISCUSSIONS

The final result that we obtain for the entropies of ar
trary spin fields in the nonextreme Kerr–de Sitter space
serves some remarks.

„a… The entropies given above have summed up the c
tribution from the maximal and minimal spin-weight stat
of a quantum field. Under the condition that satisfiesl 2/3
@M2.a2, the cosmological horizon separates far aw
from the outer black hole horizon, the total entropy of t
nonextreme Kerr–de Sitter black hole can take a linear s
of the area of the two horizons.

The calculations here are valid both for the outer bla
hole event horizon case and for the cosmological hori
case because the two horizons are in an equal position
think it is also valid for the black hole event horizon of th
Kerr-anti–de Sitter space by changing the sign of the cos
logical constantL̃.

„b… The entropies depend not only on the spins of
particles but also on the cosmological constant except dif
ent spin fields obey different statistics. They rely on the q
dratic terms ofs2 and21/l 2 as well asa2.

„c… Both the contribution of the spins and that of the co
mological constant to the entropies are in subleading or
The spins have a tendency to increase the entropies, bu
effect of a positive cosmological constant tends to decre
them.

„d… The logarithmic term from the spins of the particl
not only depends on the spin-rotation coupling effect but a
on the coupling between the spins of particles and the c
mological constant. Figure 1 shows that how the coeffici
of the square term of the spins for the logarithmic correct
to the entropies is affected by the specific angular mom
tum of the hole and the cosmological constant.
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„e… Three special cases may be very interesting:
Case I: In the Schwarzschild–de Sitter black hole cas

the specific angular momentum vanishes and the black
is nonrotating. The improved thin-layer model still works
this case, then the entropy due to arbitrary spin fields is

S/gs5
151~21!2s

16 F Ah

48pe2
1

1

45S 12
3r h

2

2l 2 D ln
L

e G
2

31~21!2s

4

112s2

12p l 2
Ah ln

L

e
, ~34!

whereAh54pr h
2 .

It is not difficult to find that the entropy still depends o
the square of the spins of particles unless in the Schw
schild and Reissner-Nordstro¨m black hole cases. The exis
tence of a positive cosmological constant will decrease
entropy whereas the effect of a negative one tends to incr
it, vice versa. This result is in accordance with the entropy
a massive scalar field for the Schwarzschild-anti–de Si
black hole by using the original BWM in Ref.@34# where a
negative cosmological constant is assumed and if the sq
mass of the scalar fieldm2 is replaced by 2/l 2.

Case II: In the Kerr black hole case, the cosmologic
constantL̃ goes to zero~or in the l→` limit !, the improved
thin-layer model degenerates to the original BWM by simp
setting the infrared cutoffL5N« without any change in the
ultraviolet cutoffe. By the equalityN5L2/e2 and the rela-
tion «'h2.e2, the infrared cutoffL'Ne2.L2 is consis-
tent with the definitionL25Le2/« as given in Refs.@20,25#
and@26#. ~There is a minor difference in the definition of th
infrared cutoffL becauseN can be sufficient large, here it i
a shift byr h from the original infrared cutoff introduced by ’
Hooft @7#.! It should be noted that the system in the bri
wall region is, in fact, still in a local thermal equilibrium, an
the thin-layer model still works very well. Taking these in
account, the expression of the brick wall entropy in the K
black hole case reduces to

FIG. 1. The coefficient of the quadratic spin term for the log
rithmic correction to the entropies is dependent on the specific
gular momentum of the hole and the cosmological constant.
entropy increases whenua/r hu becomes large and cuts down whe
r h / l increases.
9-9
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S/gs5
151~21!2s

16 S Ah

48pe2
1

1

45
ln

L

e D 1
31~21!2s

4

s2

12

3Fa22r h
2

r h
2

1
~r h

21a2!2

arh
3

arctanS a

r h
D G ln

L

e
, ~35!

whereAh54p(r h
21a2).

This result is very similar to that presented in Refs.@25#
and@26#. In the scalar field case, it coincides with the res
given by Ref.@20#. In the cases ofs51/2 ~Dirac field!, s
51 ~Maxwell field!, s53/2 ~Rarita-Schwinger field!, ands
52 ~linearized gravitational field!, it has the same coeffi
cientss2/6 as that in Ref.@25#. But these coefficient term
have a different tendency because they differ by the term
the square bracket. In the Rarita-Schwinger field (s53/2)
case, our result manifests that the spins will increase
entropies as pointed out by Ref.@26#. Again they differ by
the coefficients of the quadratic terms2. The expressionP
5s2a2 cos2u@D2(r21a2)2S#/S3 used in Refs.@25# and@26#
but written in our notations, is probably the result that tho
authors had missed some terms in the process of their
proximation. We point out that it should readP
54s2a2 cos2u@D2(r21a2)#/S3, and these coefficients pre
sented in Refs.@25# and @26# are incorrect in the Kerr black
hole case. The difference of the coefficients of the quadr
term s2 ~the pure spin-dependent term! between ours and
those in Refs.@25# and @26# is compared in Fig. 2.

Case III: In the lukewarm case@29,30#, the nonextreme
Kerr–de Sitter spacetime is characterized by the condi
M25a2x2. In the absence of rotation, the lukewarm soluti
reduces to de Sitter spacetime. When the cosmological
stant vanishes, it degenerates to the extreme Kerr black h
Obviously the lukewarm solution is a special case of w
we have discussed in the above. In this case, the cosmo
cal and outer black hole horizons are distinct, but the te
peratures on both horizons are equal, so the cosmolog

FIG. 2. Compare the coefficient of the pure spin-dependent t
to the logarithmic correction. The curve denoted by J&Y@25# dem-
onstrates that the entropy is decreased by the contribution from
s2 term. Both the curve denoted by ALO@26# and that of ours
denoted by W&Y illuminate that the spin-rotation coupling effe
will increase the entropy of a Kerr black hole.
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and black hole event horizons are in thermal equilibriu
Just as the Kerr black hole case, here one need not ass
local thermal equilibrium and he can still work with th
original BWM to calculate the entropy of each horizon. O
course, the cutoffL cannot be so large as to close to t
cosmological horizon. The final result of the entropy is s
expressed by Eq.~32! with the special restriction~namely,
M25a2x2) on the allowed range of parameter of the luk
warm solution. It should be noted that the same result
also be arrived at by using the thin-layer method. This is
can be easily understood as the brick wall entropy is ma
attributed to the degrees of freedom of the field in the n
horizon region. As such we think the thin-layer method
more universal than the original BWM.

„f… We do not consider here the contribution from t
super-radiant modes. As is well known, for rotating bla
holes in an asymptotically flat space, classical super-radia
effects occur only for bosonic but not fermionic fields@9#,
however the quantum analog of super-radiance does o
for both bosonic and fermionic fields@51#. It has been
pointed out that the super-radiant modes have a contribu
to the entropy of a rotating black hole@52#. In the Kerr black
hole case, the effect of the super-radiant modes is to h
the leading contribution to the entropy of scalar and Dir
fields @12,16#. Their affect on the subleading term to th
entropy for the nonextreme Kerr–de Sitter black hole is
interesting problem and deserves to be discussed elsew

„g… We do not address here the renormalization of
divergence in the entropy of the nonextreme Kerr–de Si
black hole. A generally accepted belief is that the matter fi
contributions to the entropy can be interpreted as one-l
corrections to classical Bekenstein-Hawking entropy. The
vergence of the brick wall entropy has the same origin as
divergence of the one-loop effective action in quantum fi
theory in curved space. The leading quadratic divergenc
the entropy calculated by the brick wall model can be a
sorbed by the renormalization of the Newton gravitation
coupling constant in the one-loop effective action for mat
and gravitation fields@53#. When gravity is described by a
higher curvature effective action, the standard Bekenst
Hawking result is only the leading contribution in the e
tropy, and there are still additional corrections from t
higher curvature interaction@54#. On the other hand, quan
tum corrections in curved space are known to result in hig
order curvature contributions to the Einstein-Hilbert acti
@55#. The subleading order logarithmic divergence in the e
tropy requires the introduction in the gravitational action
term quadratic in the curvature to be renormalized@56# ~see
also@19,34,57,58#!. The standard renormalization of Newto
gravitational coupling constant, the cosmological const
and other coefficients by the curvature squared (R2) terms in
the one-loop effective gravitational action@55# can remove
all the divergent~quadratic and logarithmic! terms in the
entropy@56#, so the remaining quantity is finite.

In the case of nonextreme Kerr–de Sitter geometry, i
clear that the divergence coming from the integral in t
dragged optical space can be completely removed by
above procedure, but it is unclear to us whether the logar
mic divergence arising from the effective potential includi

m
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the quadratic spin terms needs further introduction of ot
interaction terms to be renormalized because this diverge
explicitly contains quantum corrections to the brick wall e
tropy from the spin-rotation coupling interaction. Though t
renormalization of the divergence in the brick wall entro
of the nonextreme Kerr–de Sitter black hole has not b
discussed here, we hope the expression of the entropy
tained here can shed light on this subject because there is
little work on dealing with this problem in a rotating blac
hole spacetime.

V. CONCLUSIONS

In summary, we have studied the statistical entropies
the nonextreme Kerr–de Sitter black holes due to arbitr
spin fields, especially the subleading corrections to the bl
hole entropy arising from the coupling of the spins of p
ticles with the rotation of the black holes. First, the nu
tetrad in the Newman-Penrose formalism is introduced
decouple the Teukolsky master equations governing mas
scalar, neutrino, electromagnetic, gravitino, and gravitatio
field perturbations of the Kerr–de Sitter space. Then, star
from the Teukolsky master equations we seek the total n
ber of the modes of the fields by taking the WKB appro
mation. Last, the free energy and the quantum entropy
nonextreme Kerr–de Sitter black hole due to arbitrary s
fields are calculated by the improved thin-layer brick w
model. It is shown that the subleading order contribution
the entropy is dependent on the square of three quantities
spins of particles, the specific angular momentum of bla
holes, and the cosmological constant. The contribution of
spins of particles to the logarithmic terms of the entro
depends on the spin-rotation coupling effect and the effec
the cosmological constant. It should be noted that the fi
result also holds true in the lukewarm case where local th
mal equilibrium need not be assumed.

In particular, we have carefully investigated the effect o
positive cosmological constant on the black hole entropy
shown that the correction from the effective potential is
the same order as that from the integral in the dragged o
cal space, and both of them cannot be discarded. Howev
should be noted that the correction from the ‘‘spin potenti
W has been attributed to that of the vacuum surrounding
black holes and it has been neglected here. Possible
quantum effects related to the ‘‘sW’’ term in a Kerr–de Sitter
black hole geometry may be a very interesting thing a
deserve to be further investigated. It is also needed to ex
this analysis to the Kerr-Newman–de Sitter black hole ca
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APPENDIX A: TEUKOLSKY-STAROBINSKY IDENTITIES

Teukolsky’s master Equations~10! and~11! governing the
perturbation of Kerr–de Sitter space with massless fields
be separated into the angular parts

FADuL 12s
† ADuLs22~2s21!

3S xva cosu1~s21!
a2

l 2
cos2u D 1lsGSs50,

FADuL12sADuL s
†12~2s21!

3S xva cosu2~s21!
a2

l 2
cos2u D 1lsGS2s50,

~A1!

and the radial parts

FD rD12sD 0
†12~2s21!S ixvr 2~s21!

r 2

l 2 D 2lsG
3~D r

sRs!50,

FD rD 12s
† D022~2s21!S ixvr 1~s21!

r 2

l 2 D 2lsGR2s50.

~A2!

Here we only consider the radial equations. It is clear t
(D r

sRs) andR2s are proportional to complex conjugate fun
tions. The exact relationship between these functions
called the famous Teukolsky-Starobinsky identiti
@39,40,45#

D r
sD 0

2sR2s5Cs~D r
sRs!, D r

sD 0
†2s~D r

sRs!5Cs* R2s ,
~A3!

with the coefficients

uC1/2u25l1/2,

uC1u25l1
224x2v2a2,

uC3/2u25~l3/2
2 14a2/ l 2!~l3/2112a2/ l 2!

216x2v2~l3/2a
21a4/ l 22a2!24M2/ l 2,
9-11
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uC2u25@l2~l21222a2/ l 2!112a2/ l 2#2

28x2v2l2@~5l21626a2/ l 2112a2/ l 2!a2212a2#

1144x2v2~x2v2a412a2a2/ l 21M2!, ~A4!

where a25a22ma/v. The coefficientuC2u2 corrects the
previous results@46#, while the appearance ofuC3/2u2 is the
first time, to our knowledge.

APPENDIX B: INTEGRALS IN TERMS OF THIN-LAYER
BRICK WALL MODEL

Distinguished from the original BWM, the thin-laye
BWM suggests that the entropy of a black hole with tw
horizons mainly comes from a very thin layer in the vicini
of the horizon where exists a local thermal equilibrium. J
as the original BWM, it also imposes a small ultraviolet cu
off « such that

C~x!50 for r<r h1«, ~B1!

wherer h denotes one coordinate of the two horizons of
nonextreme Kerr–de Sitter black hole. In this paper, it r
resents the outer black hole event horizon or the cosmol
cal horizon, satisfying the horizon equation

D r h
5~r h

21a2!S 12
r h

2

l 2 D 22Mr h50. ~B2!

To remove the infrared divergence, it however introduc
another cutoff parameter—an arbitrary big integerN such
that

C~x!50 for r>r h1N«. ~B3!

Suppose that the quantum field is rotating with the angu
velocity Vh5a/(r h

21a2) in the thin layer near the horizon o
the Kerr–de Sitter black hole, we may expandD r close to the
event horizonr h as

D r5D r h
8 ~r 2r h!1

1

2
D r h

9 ~r 2r h!21•••, ~B4!

and then expand three quantitiesg̃tt , P, andW in terms of
04401
t
-

e
-
i-

s

r

the surface gravitykh5D r h
8 /„2x(r h

21a2)…52pD r h
8 /(x2Ah)

as follows:

g̃tt5
Dua2 sin2u~r 22r h

2!22D rSh
2

x2~r h
21a2!2S

'
22khSh~r 2r h!

x~r h
21a2!

3F 12S 2r h

Sh
2

D r h
9

2D r h
8

1
4r h

2Dua2 sin2u

D r h
8 Sh

2 D ~r 2r h!G
1•••,

P5
4s212

l 2
1

4s2a2 cos2u

S3

3FD r2Du~r 21a2!1
a2 sin2u

l 2
SG

'
4s212

l 2
1

4s2a2 cos2u

Sh
3 Fa2 sin2u

l 2
Sh2Du~r h

21a2!G
1•••,

W5
2a cosu

x~r h
21a2!S2 H FxS12a2 sin2uS 12

r 2

l 2 D G
3~r 22r h

2!12D rShJ
'

24kha cosu

Sh
H 11

r h

D r h
8
Fx1

2a2 sin2u

Sh
S 12

r h
2

l 2 D G J
3~r 2r h!1•••, ~B5!

whereSh5r h
21a2 cos2u.

Expanding the integrands in the four integralsI 1;I 4 de-
fined in Eq.~26!
A2g

g̃tt
2

'
~r h

21a2!2 sinu

4kh
2Sh

F 1

~r 2r h!2
1S 6r h

Sh
2

D r h
9

D r h
8

1
8r h

2Dua2 sin2u

D r h
8 Sh

2 D 1

r 2r h
G1•••

'
~r h

21a2! sinu

4xkh
3Sh

F D r h
8

2~r 2r h!2
1S 3r hD r h

8

Sh
2

1

2
D r h

9 1
4r h

2Dua2 sin2u

Sh
2 D 1

r 2r h
G1•••,

A2g

g̃tt

P5
2~r h

21a2! sinu

2xkh~r 2r h! H 4s212

l 2
14s2a2 cos2uFa2 sin2u

l 2Sh
2

2
Du~r h

21a2!

Sh
3 G J 1•••, ~B6!
9-12
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A2g

g̃tt
2

W25
4~r h

21a2!2a2 sinu cos2u

Sh
3 H 11

r h

D r h
8
Fx1

2a2 sin2u

Sh
S 12

r h
2

l 2 D G J 2

1•••,

A2g

g̃tt

D r9

4S
W5

D r h
9 ~r h

21a2!a sinu cosu

2xSh
2 H 11

r h

D r h
8
Fx1

2a2 sin2u

Sh
S 12

r h
2

l 2 D G J 1•••,

and carrying out the integrals with respect tou and r, we finally arrive at

I 15
1

xkh
3 F r h

21a2

h2

N21

N

Sh

arh
arctanS a

r h
D1S 12

3r h
21a2

2l 2 D ln NG
5

2

xkh
3 F15~r h

21a2!

4e2
1S 12

3r h
21a2

2l 2 D ln
L

e G ,

~B7!

I 25
1

4xkh
H 2

418s2

l 2
~r h

21a2!1s2Fa22r h
2

r h
2

1
9r h

217a2

l 2
1S r h

21a2

r h
2

2
9r h

21a2

l 2 D r h
21a2

arh
arctanS a

r h
D G J ln N

5
1

2xkh
H 2

4~r h
21a2!

l 2
1s2Fa22r h

2

r h
2

1
r h

22a2

l 2
1S r h

21a2

r h
2

2
9r h

21a2

l 2 D r h
21a2

arh
arctanS a

r h
D G J ln

L

e
,

I 3;O~e!, I 450,

whereAh54p(r h
21a2)/x is the horizon area. In the last step, we have replaced the ultraviolet cutoff«5h2D r h

8 /(4Sh) by the

proper distanceh from the horizon to the inner brick wallh5 * r h

r h1« Agrr dr'2(«Sh /D r h
8 )1/2. To be comparable with Refs

@20,25# and @26#, the new infrared cutoffL and ultraviolet cutoffe in the above equation~B7! are defined by

N5L2/e2, h25
2e2

15

N21

N

Sh

arh
arctanS a

r h
D . ~B8!

For largeN and smalla, Eq. ~B7! implies h252e2/15, which is used in the context.
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