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Entropy of a Kerr —de Sitter black hole due to arbitrary spin fields
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The Newman-Penrose formalism is used to derive the Teukolsky master equations controlling massless
scalar, neutrino, electromagnetic, gravitino, and gravitational field perturbations of the Kerr—de Sitter space-
time. Then the quantum entropy of a nonextreme Kerr—de Sitter black hole due to arbitrary spin fields is
calculated by the improved thin-layer brick wall model. It is shown that the subleading order contribution to
the entropy is dependent on the square of the spins of particles and that of the specific angular momentum of
black holes as well as the cosmological constant. The logarithmic correction of the spins of particles to the
entropy relies on the rotation of the black hole and the effect of the cosmological constant.
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[. INTRODUCTION Kerr(-Newman black holeg18]. Though the subleading or-
der correction had been included in REE4], but only the
Ever since Bekensteifil] and Hawking[2] discovered logarithmic contribution from the integral in the optical
that black holes are thermodynamic objects endowed with §Pace had been considered there, the logarithmic term from
temperature proportional to its surface gravity and an enthe effective potential !nclud|ng the quadra'uc spin terms stl_II
tropy equal to one fourth of its surface area, much effort had2d beEn _neglecdte_d in thoslebstudles. The fla;]ter correctldon
been devoted to investigating the statistic&| quantum 4], cannot be ignored in genera), because It Is of the same order

. - as the former in the high frequency approximations. The
or dynamic(5] origin of black hole entropy6]. A proposal  presence of a logarithmic divergence in the entropy of the

for thg study of statistical origin of the black hole entropy is quantum scalar field has also been confirmed by other differ-
the brick wall methodBWM) suggested by 't Hooff7]. In ent approachefl9—21], such as the conical singularity ap-
this model, the black hole entropy is identified with the proach, the heat kernel expansion method, and thaction
statistical-mechanical entropy of a thermal gas of quantummegularization technique, etc. As far as the rotating black hole
field excitations outside the event horizon, which is com-case is concerned, the logarithmic contribution both from the
posed of the leading order correctidie., the standard integral in the dragged optical space and from the effective
Bekenstein-Hawking entropyand the logarithmic contribu- Potential had been considered by using the BWM only for
tions to the black hole entropy. The subleading order correcth® scalar field in recent resear2®]. .
tions contain two parts, in general: the logarithmic term from __R€cently much attention has been paid to the quantum
) . ! - entropies of black holes due to higher spin figla3—26. Li,
the integral in the optical space and the logarithmic correc

ion f he effecti Al Thi hod il Shen and Gao, and Gao and SH28], investigated the en-
tion from the effective potential. This method, especially yqhies of arbitrary spin fields in various spherically symmet-

with the aid of the Newman-Penrose formali89], has  ic plack holes, but did not consider the logarithmic contri-
been successfully used in studies of the statisticalpution from the integral in the optical space nor the
mechanical entropy of scalar fields for some static blacksubleading order correction from the effective potential in-
holes[7,10] and stationary axisymmetric black hold4,12.  cluding the quadratic spin terms. [24] studied the entropy
In the case of various static spherically symmetric blackof one component of massless fields with spinl/2, 1, and
holes, it has also been applied to evaluate the entropy d in the Reissner-Nordstmo black hole by the BWM and
spinor fields[13,14] and electromagnetic fieldgl5]. Re-  found that the logarithmic correction to the entropy depends
cently the BWM has been used to calculate the entropy obn the linear term of the spins of the particles. Jing and Yan
Dirac field for the Ker¢-Newman black hole[16]. However  [25] calculated the entropy up to subleading terms of mass-
all these calculations did not consider the logarithmic contri{ess fields of spirs>0 for the Kerr black hole and showed
bution from the coupling of the spin of particles with the that the contribution of the spins to the logarithmic terms
rotation of black holes. This kind of spin-rotation coupling shall decrease the statistical-mechanical entropy of a Kerr
effect appear$17] in the Hawking thermal radiation spec- black hole. Lpez-Ortegd 26] extended this analysis to the
trum of Dirac particles and photons in some nonstationanRarita-Schwinger field case but pointed out that the entropy
is increased by the logarithmic terms relating to the square of
spins of particles. However the coefficients of the quadratic
*E-mail address: sqwu@ustc.edu.cn spin terms in the expressions of entropy presented in Refs.
"E-mail address: mlyan@ustc.edu.cn [25] and [26] are incompatible with each other and their
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validity is in doubt. Thus it deserves to take the logarithmictotically de Sitter has received a great deal of attention re-
terms to the black hole entropy from the effective potentialcently. The recent astrophysical observatifdg| of type la

into account in details. How the spins of the quantum fieldSupernovae which indicate a positive cosmological constant
changes the quantum entropy of a rotating black hole is ap32] and the recent dS/conformal field theory correspondence
interesting question and needs to be further clarified. The33] aré two main motivations for studying the thermody-
knowledge of the entropy as a function of the spin of thea@mics of black holes with a cosmological constant. It

. . . should be noted that a realistic black hole may be in an
field will be helpful to study the species dependence pmblenésymptotically nonflat space, thus it becomes important to
of the BWM on a rotating black hole. '

. investigate the effect of the cosmological constant on the
On the other hand, although the original BWM has CON-entropies of these kinds of black holes. In RE34], the

tributed a great deal to the understanding and calculation g&normalized black hole entropy for the massive scalar field
the entropy of a black hole, there are some drawbacks in { a Schwarzschild-anti-de Sitter space has been considered
such as the little mass approximation and taking the termecently by Winstanley via the original “brick wall” method.
including L® (L being the “infrared cutoff) as a contribu-  Although recent work35] has dealt with the entropy due to
tion of the vacuum surrounding the black hole, etc. Themassless Dirac fermionic and scalar fields in the Newman-
model is constructed on the basis of thermal equilibrium at aJnti-Tomborino Kerr-Newman—de Sitter spacetime case, it
large scale, so it cannot be applied to cases out of equilibputs emphasis on the improved brick wall model and only
rium, such as spacetime with two horizons, for example, &ares for the leading correction to black hole entropy, i.e., the
Schwarzschild—de Sitter black hole and Vaidya black holestandard Bekenstein-Hawking entropy.

[27,28. However one can improve this original BWM by  The purpose of this paper is to deduce expressions of the
taking only the entropy of a thin layer near the event horizorentropy of nonextreme Kerr—de Sitter black holes arising
of a black hole into account, and utilize this improved thin-from arbitrary spin fields by using the improved brick-wall
layer brick wall method to resolve some thermal nonequilib-methOd and to investigate effects of the spins of particles and

rium problems that can hardly be treated by the originalthe cosmological constant on the statisti_cal entropy. In.this
BWM [27,28). study, we carefully deal with the subleading order contribu-

For a Kerr—de Sitter spacetime with nondegenerate horition to the entropy not only from the integral in the dragged

zons, it has a cosmological horizon and an outer black hoIgptical space but also the logarithmic term from the effective

; . . potential including the quadratic spin terms, namely, the sub-
event hg;/lzon. Aziﬂﬁwn In Re|f§29] atr;]d Ecgtg] E[here W'Itl leading corrections to the entropy arising from the coupling
appear two case € general case that the temperaturés,¢ i, q spins of the particles with the rotation of the black

of these two horizons are distinct. In this case, a nonextreMgqaq and the cosmological constant, regardless of a positive

Kerr—de Sitter spacetime is a thermal nonequilibrium sys+, negative one.

tem. When.the cosmological constant is very small, 'Fhe tWo  The paper is organized as follows. Within the Newman-
horizons will separate far away. Then each horizon, in prinpenrose formalisni8,9], we derive in Sec. Il the master
ciple, can be treated as an isolated thermodynamical systersguations governing massless Klein-Gordon scalar, Weyl
Although the total system consisted of the two horizons isneutrino, Maxwell electromagnetic, Rarita-Schwinger grav-
thermal nonequilibrium, the thin layer near the horizon cantino, and linearized Einstein gravitational field perturbations
be taken as a local thermal equilibrium system. The quanturof the Kerr—de Sitter space. Section Il is devoted to deduc-
entropy of such a black hole can be calculated via this iming expressions of the statistical-mechanical entropy of the
proved BWM which means that the entropy comes from anonextreme Kerr—de Sitter black hole due to arbitrary spin
thin layer near the horizon. By arguments on thermodynamfields by using the thin-layer BWM. In Sec. IV, we give
ics of a composite system, the total entropy of a nonextremgome arguments about the difference with previously pub-
Kerr—de Sitter spacetime is then taken the sum of the corlished results. The last section summarizes our discussions.
tribution from each horizon; an?) a special case that the Appendix A separates the Teukolsky master equations and
temperatures of the two distinct horizons are equal. The mef2resents the Teukolsky-Starobinsky identities in the Kerr—de
ric in this special case is called the lukewarm solutionSitter geometry. In Appendix B, we calculate some integrals
[29,30. The lukewarm solution achieves global thermody-PY the thin-layer BWM.
mass of he black hole. I the lukowarm case, the noton of ! PERTURBATIONS OF SPIN FIELDS

e : IN THE KERR —DE SITTER SPACE
local thermal equilibrium is therefore not required, and one
can still work with the original BWM to calculate the en-  The line element of the Kerr—de Sitter spacetime can be
tropy of each horizon. It should be pointed out that the exwritten in a coordinate system of Boyer-Lindquist type as
pression of the entropy in the lukewarm case is just a specigB6,37]
case of that obtained in our general considerations. So we

shall mainly consider the general case and leave the luke- , , A . 2
warm case for a special discussion. ds’=— S (dt-asirode)

In this paper, the entropies of nonextreme Kerr—de Sitter
black holes due to higher spin fields are taken up for consid- A,sirto dr?2 de?
eration on which the effect of the cosmological constant and +———[adt—(r’+a’)de]*+3 3t A_)
that of the spins of particles are emphasized. The subject is Xz ' o
important because the study of spacetimes which are asymp- (1)
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where and obtain the nonvanishing spin coefficients as follows:
A,=(r’+a?)| 1 - 2M i A el
=(r‘+a — —| —2Mr, = —, = , = S
r=( ) 2 pp* Mzzp* YERY IS
2 . .
a —|a\/A—0$|n0
Ay=1+ — cos?, T=—
T V23
8.2
x=1+—, ia\A,sing VA, Al
12 T=—=—5— BT | coto+=| a=m—p",
V2p* 2\2p 28,
S =pp*=r?+a®cos’d, p=r+iacosb, &)

. . where a prime denotes the partial differential with respect to
p*=r—lacose. its argument.

is th f the black holeLis i | Assuming that the azimuthal and time dependence of the
Here M is the mass of the black hole,is its angular mo-  ,orrhed fields will be of the forme!(™~«, we find that

mentum per unit mass, and= 3/ is the cosmological con- the directional derivatives af&7]
stant. To fit with the recent astrophysical observati@ig of

type la supernovae, we require that the consfaig positive D=1ty =D A=nks _—_Ar
but very small[32]. This means that the radius of the de T e P00 2T T oy
Sitter horizon is very large. The metric determinant, Ricci
scalar, and the only nonvanishing Weyl scalar aye;g \/A_a ¢ = =
=3 sindly? R=4A=1212, W,= —M/p*3, respectively. o= m"“aﬂ=\/_7p£0, o=mto, = Lo, 4

The metric has coordinate singularities at the rootd pf
=0. For a range of parameters that satisfy the conditiorwhere
12/3>M2>a?, there are four distinct real roots, three of
which are positive and corresporioh decreasing orderto a  ixKy oA
the cosmological, outer, and inner horizons of the black hole, nTor T AL + nA_’

- - . - r r
respectively. The fourth root is negative and nonphysical. A
significant case is the lukewarm solutifi®9,3Q which sat-
isfies the conditiotM?=a?y?. In this special case the hori- Ly=——""24n
zons are generally distinct whereas the surface gravity on Y
both horizons is identical. In the allowed range of the physi- ) ,
cally meaningful parameteessandM, the admissible classes _d n ixKq Ay
of the Kerr—de Sitter solutions are categorized completely by n"oar A, nA_r’
Booth and Manr{30] in details. In this paper, we shall as-
sume that the horizons are nondegenerate and are mainly 9 xKs
interested in the general case that the temperature of the cos- Eﬁ (9—0+ AL +n
mological horizon and that of the outer black hole event 0
horizon are different from one another, and separate the lu"%{nd
warm case for a special discussion.

To derive a single master equation governing the pertur- m
bations of the Kerr—de Sitter spacetime, we work it within Ki=w(r’+a?>)—ma, K,=awsing——— (5
the Newman-Penrose formalisi8,9] by choosing the null- sin¢
tetrad vectors as

D],

coto+ —6)

0
cotf+ ZAH)’

with the relations
|”=Ai[(r2+az)X,Ar-0-aX], Ki—Kjasind=w3, K,;+K,cotd=2awcosh. (6)
r

Using the Newman-Penrose formali$)9] it can be shown
that perturbation master equations in the Kerr—de Sitter ge-
ometry are separable for massless spir0, 1/2, 1, 3/2, and

2 fields[38]. Teukolsky’s master equatiof89] controlling

the perturbations of Kerr-de Sitter black hole for massless

1,0,
=< [(r*+a%)x,~ A, 0ax],

mt = ! iXasine,O,AH,l.—X, arbitrary spin fields §=1/2, 1, 3/2, and 2 for Weyl

V2A4p siné neutrino, source-free Maxwell electromagnetic, Rarita-
_ Schwinger gravitino, and the linearized Einstein gravitational
m=(m#)*, (2) fields, respectivelyread[40]
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{[D—(2s—1)e+e* —2sp—p* J(A—25y+ )

1
- 5 (AL Do+ VAyL1_/AyL))
—[6—(2s—1)B—a* —2s7+ 7*](6—2Sa+ 7)

= i s—1
—(S—l)(ZS— 1)\1’2}@5:0, (7) _2(25_ 1) )(:0 + |_2> (p*25®7s)20_
p
for spin weights=1/2, 1, 3/2, 2 and (11)
It can be directly shown that Eq$10) and (11) are also
{[A+(2s—1)y— 7*+25,U«+,U«*](D+256—7>) satisfied by the scalar Debye potentiatg=®./p*?S and

_ ¢_=p* 2P _,, which obey[40]
—[8+(2s—1)a+ B* +2s7m— 7 ](6+25B—1) -
([D—(25—1)e+e* —p*[A—25y— (25— 1) ]

—(s—1)(2s—1)V¥,}d _,=0, (8) —[6—(25—1)8—a* +7T*][E—25a—(23— 1)7]

for spin weights= —1/2,—1,—3/2,—2 (s is the spin of the ~(s=1)(2s-1)¥5}¢5=0, (12
perturbed fields It is clear that Eqs(7) and (8) are also

_ Ak * 1\~
valid whens=0, they coincide with the massless confor- {[A+(2s=1)y= 7"+ u*][D+2se+ (25 1)p]

mally coupled scalar field equation —[6+(2s—1)a+ B* — 7 |[ 5+ 2sB+ (25— 1)7]
—(s—1)(2s—1)¥,}¢_.=0. (13)
(O+RIB)D=0, 9 2}$-s
In Ref.[38], the authors showed that Eq40) and(11) can
with d=d,=d _,,. be further separated and transformed into Heun equations. In

All the above equations are separable by using théhe case of a Kerr black hole, they degenerate to the gener-

Newman-Penrose formalism, and can be writtetigisoring ~ alized spheroidal wave equatip#l,42, a confluent form of

the factore'(Me~ V) Heun equationf42]. Exact solutions to these equations, and
integral equations as well as other related applications can be

1 . ) found in Refs.[38,41—44. To the Qnd of this paper, we qo

5 (ADD{+ VALLT_ VA LLY) not take these into account, but just present in Appendix A
the radial Teukolsky-Starobinsky identitig#0,45 where the

coefficientC, corrects the previously published resu4s].

+2(2s—1) Ixo s—1 ®.=0, (100 From their obvious expressions of the above H@4§) and
p* 17 ° (11)
1 d a\ x?Ki—isyKiA! s d d 1 A 2
- -s__ 1+s_ r N e : N P N
E[Ar &r(Ar o +—Ar +2 r+_sin0(90 Aesmaw A, xK,—s 2 +A,cotd
_ 45?42
+4isywp— 2 21 d,=0, (14)
and
1 s [ 169 +X2K§+isxK1A,’ S s 1 9 Asing 1 - A;+A y 2
S| Srar\ T ar A, 2% T singan\ S0 59 T A, X2 TS TR0
_ 45?42
—4disywp— 2 3t =0, (15

one can easily find that they are dual by interchanging—s. Thus one only needs to consider the case of positive spin state
p=s, and obtain the results for the negative spin s@te—s by substitutings— —s. Equations(14) and (15 can be
combined into the form of Teukolsky’s master equatji@f]
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2[(r°+a®»? a?sin?%0

[A, # (1+9)A] 9 A, % Aj+A,cotd g

-——t "+t = —+ —+ -
S gr2 p3 a2 962 p3 0 3 A, A,
2wmay? [r?+a? 1) m?x? [ a2 1 2swy ( P ) !
- ——+ —— + 2+a%)+
S A, A, Sy A,sin0 S asing 74, — cot# 2A a%)+2ir
2smyliad] 1 [ A A" 452+2  SPA,[ A} 2 v 0
3 | 2A, sing 2A0+ coto +§ |2 3 E+ coto s
(s=0,=1/2,+1,+3/2,+2). (16

In the above master Equatigh6), one can identify the term proportional tog%+ 2)/1?=(2s?+ 1)R/6 with the confor-
mally coupled term for arbitrary spin fields in virtue of the nonvanishing Ricci scalar in the Kerr—de Sitter spacetime. In the
next section we will utilize this equation to obtain the density of states by using the Wentzel-Kramers-BiiidkiB)

approximation scheme.

Ill. ENTROPY OF KERR —de SITTER BLACK HOLES DUE TO SPIN FIELDS

Now we calculate the entropy due to arbitrary spin fields for the nonextreme Kerr—de Sitter black hole by the thin-layer
BWM. First we try to seek the total number of modes with energy less éham order to do this, we make use of the WKB
approximation and substitute .~ e'¢("% into the above Teukolsky’s master Equatidi), then we obtain

ﬁk2+ &k2+ w?x? azsinzﬁ_ (r’+a?)?] 2wmay?(r?+a? B i) . m?y? 1 a_2
IR T D 5 Ay A, 3 A, Ay 3 | A,sin2g A
2swyasiné A’ Zsz A , szAa A , 2 4s2+2 s Ve L
* py 2A, Esme 2A0+COt 3 2A0+C0t * |2 25 (17
|
in which, k,=G ; andk,=G , are the “wave numbers.” In syasiné A
terms of the covariant metric componegts,, Eq.(17) can =E— —5a |
. 3 2A,
be rewritten as
sy [ Ap
2 2 2 2
k_+k_+gww +2gi,Mo+gym C= ES|n0(2Ag+ cote)
Orr Yoo D
2
+2(wB+mC)+H=0, (19 SAg(Ah | L I5F2 S,
TS 2A9 12 23,
where . ]
To obtain the density of states, let us suppose that the
s s A a2sin20— A quantum field is rotating with an angular velociy;, in a
9y =— Gpo=— gu= ga”sin“0—A4, thin-layer very near the horizon of the nonextreme Kerr—de
Az Ay’ = ’ Sitter black hole. Substitutin= w —mQ,, into Eq.(18), we
reduce it into the form
_(r21 32 ~
gw:wasmza k_,erk_ﬁ+ 00eE 2+ 2(Grpt Gp o Q) ME+Gym?
X2 O Y9 D
+2[EB+m(Q,B+C)]+H=0, (20
(r2+a?)2A,~Aa2sin?g " °
Gpo= 25 sin“, and then rewrite it as
X
k2 k& -9
2 AAgysin?e 19 g—r+g—00+ tt(m+mo)2— 5 (E+sW)2—
D: - = - ’ 19 " B tt
gttg(pqo gt<p X4 (21)
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where two horizons, for example, Schwarzschild—de Sitter space-
5 time and Vaidya spacetin|@7,2§. In such spacetimes, two
Ott=0t+ 201, 2p+ gWQﬁ, problems arise(a) the thermal equilibrium between the ex-

ternal field and the hole is unstable, so the thermal equilib-

(Otet 9o Qp)E+(QB+C)D rium on a large scale basis for the brick wall does not exist,

' (22) and (b) since the two horizons have different temperatures,
there exists no global thermal equilibrium over the entire
spacetime, and statistical physics laws are invalid there.
In the thin-layer method, the entropy of the black hole is
SA” mainly attributed to the degrees of the freedom of the field in
r the thin-layer ¢,+es<r=<r,+Ng) covering the surface of
2%, the horizon. The Bekenstein-Hawking entropy should be as-
sociated with the fields in this small region near the horizon,
gy is the temporal component of the metric of the draggedyhere the local thermal equilibrium exists and statistical
optical spacg47,48, Wis the angular velocity caused by the physics laws are still valid. To guarantee that the notion of
rotation of the black hole and can be called the “spin poten{ocal thermal equilibrium can work very well, here one sup-
tial,” while Vy is the effective potentidll1] which is equalto  poses that the physical quantities of the thermodynamic
j?+ ER= 2+ 12612 in the case of a massive scalar field properties of the exciting field outside the hole vary slightly
Wlth an arbitrary conformally couplingé&= 1/6 for the mini- in the vicinity of the horizon. On the one hand, the length of
mally coupling, whereu is the mass of the field. the thin-layer region near the horizon must be small enough
For a given energyn=E+m(, and a given azimuthal on a macroscopic scale so that the physical quantities in the
angular momentunm, Eq. (21) represents an ellipsoid of region can approximately be treated as some constants in the
three-dimensional momentum space, compact surface vicinity, and approximate equilibrium in the small region is
spanned by, , ky, and m, which is a subspace of a six- achieved. On the other hand, the region must be large enough
dimensional phase space, supposed that the following conddbn a microscopic scale so that the statistical mechanics are

Ottt 201, 0n+ ggo(pﬂﬁ

sW= (gtt+ gt(th)B_ (gt(p+ g(p(th)Cn

Vs=Hs—(guB*~ 2¢;,BC+ gwcz) =

tions could be satisfied: valid for the fields in the near horizon region, and the ther-
_ modynamic variables can be defined through a partition

>0, gys>0, —0u>0, —D>0, function. In order for local equilibrium to be maintained, it is
necessary that the hole’s radiation is slight enough that the

(5+S\/V)2+§nVs>0- (23 fluctuation of thermodynamic properties of fields can be

treated as a small quantity. In most cases, this condition can
Therefore in this case, for the positive spin state of spirbe satisfied except for those ones at the Planckian scale.
fields the number of modes withis equal to the number of In the spacetime that has two horizons with two different
states in this classical phase spaté] temperatures, there exists no global thermal equilibrium in
the entire spacetime, however approximate thermal equilib-
1 rium exists in the two layers near each horizon. Thus the
I'(&s)= ?f drdéde f dk.dky,dm global thermal equilibrium is not needed, the validity of local
) thermal equilibrium is crucial to the discussif28]. In such
f frh+ N(S a thin-layer BWM, the total entropy is mainly attributed to
r

[(5+ sW)2+g 0 Vs] ¥ the two thin-layers near the two horizons, namely, it is a
hte (—9w? linear sum of the area of each horizon.
(24) In the case of a nonextreme Kerr—de Sitter black hole
with nondegenerate horizons, situation is more involved. The
Here we impose the improved thin-layer BWM boundaryissue of local versus global thermal equilibrium is a rather
conditions in the integral with respect to the radial coordinatedelicate one. As mentioned before, there are two cases that
r, that is, we assume that the quantum field is equal to zeroan happen(l) In the general case, the temperatures of the
for r=r,+e andr=r,+Neg, with r,>e. The ultraviolet cosmological and black hole event horizons are distinct; and
cutoff & is a small distance from the horizaR to the inner  (2) in the lukewarm case, both temperatures are equal. In the
brick wall, the cutoff parameteX is a sufficient big integer general, nonextreme Kerr—de Sitter background, there is no
to remove the infrared divergence. In other words, the infratime-like Killing vector which is well-defined in the whole
red cutoff L in the original BWM is now replaced by, region surrounded by the two horizons. Hence the system in
+Ne in the upper limit of the radial integral. This reflects a the general case cannot be in thermal equilibrium globally,
significant difference from the original BWM, and such im- namely, there exists no thermal equilibrium in the entire
proved BWM is called the thin-layer modg28], it can over-  spacetime since the two horizons have different tempera-
come some defects in the original BWM. tures. In addition, there cannot exist a global thermal equi-
In the original brick-wall model, it is supposed that the librium between the external field and the hole in a large
black hole is in thermal equilibrium with the external field in spatial region. Thus in this general case, one must work with
a large spatial region. This method cannot be applied to #e thin-layer method to calculate the entropy of the Kerr—de
nonequilibrium system such as a system of spacetime witSitter black hole. In the lukewarm cas®t=a2y?), how-
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ever, the cosmological and black hole event horizons are in
thermal equilibrium(but unstable to changes in the mass of
the black hold29)). In this special case, one need not intro-
duce the notion of local thermal equilibrium; one can still
adopt the original BWM to calculate the entropy of each
horizon. The main interest of this paper is in the general
case, and we will turn to the lukewarm case for a special
consideration. In both cases, the total entropy of a quantum
field in the nonextreme Kerr—de Sitter spacetime is summed
up from the entropies corresponding to the maximal and
minimal spin-weight components.

Summing over the positive and negative spin stgies
==*s, we get the total states number

re= gf[[‘(ﬁ,s)%—f‘(é‘,—s)]

rh+Na 3/
+gttv]
t+e —
+[<e—sm2+§nvfs]3’2} (25
J J‘rh+Ns
rhte ( gtt)
3 1 2\ /2 3s°A
X[ E°+3 EgttP+sW E— 7S —<0uW

——[|153+3 |,+8%13)E—35%1,].

In the above, we have expanded E®5) in the high fre-
guency approximation and introduced an appropriate dege
eracyg, for each species of particlég is well-known that
gs=2s+1 in the nonrelativistic quantum statistics case
Heregs=1 for scalar field §=0), gs=2 for Weyl neutrino
(s=1/2), Maxwell electromagnetic sE&1), Rarita-
Schwinger gravitino $=3/2) and linearized Einstein gravi-
tational (s=2) fields, andgs=4 for massless Dirac fields(
=1/2), respectively. The following four integrals in terms of
the thin-layer BWM are calculated in Appendix B:

rh+Ns

e [ o |
rht+e gtt

J‘ J‘rh+Ns

rht+e gt'[ '
N +Ns

l3= f daj W2,
rht+e gtt

_4s°+2 ZA(,( Aj
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//

J rh+Ns
4= dHJ = W
= rhte gtt 42

(26)

2
—+ + coté
|2 3 )

_(gttBZ_

24,

29,,BC+g,,C?.

Apparently the integral; is related to the volume of the
dragged optical spadd7,48.

It is known that a “physical space” must be dragged by
the gravitational field with an azimuthal angular velodily,
in the stationary rotating spacetime. Since we have supposed
that a quantum field in a thin-layer very near the horizon is in
local thermal equilibrium with the nonextreme Kerr—de Sit-
ter black hole at the asymptotic temperaturg fiieasured by
an observer located at the spatial infinity, it is appropriate to
assume that the quantum field is rotating with angular veloc-
ity Q, in this thin-layer also. Note that here we use the
asymptotic quantities rather than those measured by a local
(corotating observer in the thin-layer. In fact the equivalence
principle implies that a thin-layer system in local thermal
equilibrium has a local Tolman inverse temperature given by

Bioca= BY— 0y, With B being the asymptotic inverse tem-
perature[49]. The temperature measured by this local ob-

server is a local temperatu@,., correspondingly he also

measures a localblue-shifted energy wigea= @/ — i,
where the energw measured by the asymptotic observer is
associated with the coordinate tinte The quantity Sw

= Blocal®local 1S @N invariant due to the first thermodynamic
law, and so is8(w—m{;), etc. As the equivalence between
using local quantities and using asymptotic ones has already
been proven in Ref[50], one can directly adopt the

r(ljlsymptotlc guantities, needless to make further conversions.

For such a localquasijequilibrium ensemble of states of
spin fields, the free energy can be expressed as follows:

F=(_+328f de dog(w,m)

XIn[1—(—1)%%e Ale=mln)]

- Jd Jd I'(w,m)
a m weﬁ(wfmﬂh)_(_l)ZS

=_ fw dg& (27)
0 eBE_(_l)ZS’

where we have made a variable substituttonw—mQ,,.
The formulas for the density of stateg(w,m)
=dI'(w,m)/dw and I'(&)= [ I'(E+m;,,m)dm had also
been used. Inserting ERS) into Eq.(27) and then carrying
out the integral ove€, we get the expression for the free
energy
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j frh+Ns o d&
mre (= @ht)2 0 ef—(-1)%

XAL(E+SW) 2+ g VP24 [ (E—sW)2+gyV _¢]¥2

<[ dE
”_S_WJO m[|153+3(|2+sz|3)5—352|4]
5+(-1 )2s +(—-1)*
=—g2{(4) —————— 2)———( I
gs| 24( ) 1673 +{( ) e (1,+5%3)
1+(—1)%
—§(1)2(Tszl4} (28)

where¢(n)= =,_, 1k" is the Riemann zeta functiog(4)
=490, £(2)= /6, etc.
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I,~1,4. It is easy to obtain the Hawking temperature and the
area corresponding to the horizap of the nonextreme
Kerr—de Sitter black hole

! !
,871— Kh Arh _ Arh
h

=N . An=4m(ri+ad)ly.
2 477X(rﬁ+a2) X2Ah " n X

(30

By means of the thin-layer BWM, we take the angular ve-
locity of a quantum field near the horizon of the nonextreme
Kerr—de Sitter black hole a§h=a/(rﬁ+ a?), and find that
only the integralsl; and |, contribute to the leading and
subleading terms in the entropy, while the integialandl ,

can be ignored as usual because the intdgraan be attrib-
uted to the contribution of the vacuum surrounding the hole

We are now ready to obtain the entropy of the nonextremelue tol;~O(€) and |, vanishes at least up to the order
Kerr—de Sitter black hole due to arbitrary spin fields fromO(e€). The final expressions for these integrals are presented

the standard formul&= B?(d9F/9p),

Os 15+(—1)% 3+(—-1)%
SZZ 5(4)TI1+§(2) B (1,+5%13)
— {11+ (-1)*)s%, (29

in Appendix B where the ultraviolet cutoff is replaced by
the proper distance from the horizon to the inner brick wall

n= f;:” Vo dr=2(sX4 /A )2 In order to be compa-

rable with the results already appeared in the literature and to
simplify the expression, we have set the new ultraviolet cut-
off € and infrared cutoffA by 7?=2¢€%/15 andN=A?/¢? as

did in Refs.[20,25 and[26]. With utilization of the results
given by Eqg. (B7), we obtain the statistical-mechanical

Next, we are in a position to consider the four integralsentropy

15+ (—1)°s 3+(—1)%
3 + |2
1808° 128
15(r2+a?) ( 3ri+a?
+1—
4€? 212

Slgs=

A
In—
€

15+ (-1)%

~ 90x(Bry/m)°
3+(-1)% | A(rp+ad)

T 2b (Bl | T P2

, a?-r2 ri2-a®
+

|2

ri+a? 9ri+a?
-

r2+a? a
arctan —
arp M

} A
In— (31

ra ra

Assuming that the field is in the Hartle-Hawking vacuum state and taRingd;,, we get that the entropy is given by

a’-r2 r2—a? [ri+a® 9r2+a?\ri+a? a A
- In:. (32

+ arctar(—
r 12 12 arp 'n

A

€

15+ (—1)%
gS: 16

48me2 45 212

2
An 1 ( Brpta?

3+(-1)% A 52
+ - +
4 12712 12x

2
s

Equations(31) and (32) show that the entropy of a nonex- quadratic spin terms. The logarithmic corrections consist of
treme Kerr—de Sitter black hole due to arbitrary spin fieldsthe one from the integrdl; and that from the integrdl,,
consists of two parts, the leading order contribution and théoth of them are of the same order, therefore the latter cannot
subleading order corrections, or equivalently the contributiorbe thrown away any more. It should be noted that the coef-
from the integrall, in the dragged optical space and the ficients of the logarithmic divergence is univergalvariant
logarithmic terml , from the effective potential including the under a change in the value of the cutoff, or even under a
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change in the regulator schem&he expression of Eq32)

may settle down the species dependence problem of the brick
wall entropy on a rotating black hole, it covers many previ-
ously obtained results.

To see what role the conformally coupling plays in the
calculation, we also present the expression of the entropy for
a massive scalar field in the nonextreme Kerr-Newman-—de
Sitter black hole

—4
2, .2 2 -
Ap N 1 3rpta 30 5
= _ _— -
48me? 45X 212 4r?
ré+a® a A
X| 1+ arctan — In—
ary M € 1A
FIG. 1. The coefficient of the quadratic spin term for the loga-
An ) 12¢ A ithmi : h o h i
——| w2+ = In—, (33 rithmic correction to the entropies is dependent on the specific an-
247 |2 gular momentum of the hole and the cosmological constant. The

entropy increases whda/r | becomes large and cuts down when
with an arbitrary conformally coupling constaét It is not  ry/l increases.
difficult to find that the conformally coupling will contribute
a logarithmic correction to the entropy. By settihNg=1 in
Egs. (32) and (33), we recover the standard Bekenstein-
Hawking entropy.

(e) Three special cases may be very interesting:

Case I In the Schwarzschild—de Sitter black hole case,
the specific angular momentum vanishes and the black hole
is nonrotating. The improved thin-layer model still works in

this case, then the entropy due to arbitrary spin fields is
IV. DISCUSSIONS

2s 2
The final result that we obtain for the entropies of arbi- Slge= 15+(~1) An + i( — %) A
trary spin fields in the nonextreme Kerr—de Sitter space de- 16 48we? 45 212) €
serves some remarks.
(a) The entropies given above have summed up the con- 3+(—1)* 1+2¢° | A
tribution from the maximal and minimal spin-weight states B 4 124712 An ne. (34)

of a quantum field. Under the condition that satisfiés
>M?2>a? the cosmological horizon separates far awaywhereA,=4mr2.
from the outer black hole horizon, the total entropy of the It is not difficult to find that the entropy still depends on
nonextreme Kerr—de Sitter black hole can take a linear surthe square of the spins of particles unless in the Schwarz-
of the area of the two horizons. schild and Reissner-Nordstroblack hole cases. The exis-
The calculations here are valid both for the outer blacktence of a positive cosmological constant will decrease the
hole event horizon case and for the cosmological horizorentropy whereas the effect of a negative one tends to increase
case because the two horizons are in an equal position. W vice versa. This result is in accordance with the entropy of
think it is also valid for the black hole event horizon of the a massive scalar field for the Schwarzschild-anti—de Sitter
Kerr-anti—de Sitter space by changing the sign of the cosmaslack hole by using the original BWM in Reff34] where a
logical constantA. negative cosmological constant is assumed and if the square
(b) The entropies depend not only on the spins of theMass of the scalar field? is replaced by 27.
particles but also on the cosmological constant except differ- Case II: In the Kerr black hole case, the cosmological
ent spin fields obey different statistics. They rely on the quaconstantA goes to zerdor in thel —ce limit), the improved
dratic terms ofs? and — 112 as well asa®. thin-layer model degenerates to the original BWM by simply
(c) Both the contribution of the spins and that of the cos-setting the infrared cutoff =Ne without any change in the
mological constant to the entropies are in subleading ordeultraviolet cutoffe. By the equalityN=A?/€? and the rela-
The spins have a tendency to increase the entropies, but thien e~ 7?= €2, the infrared cutofiL~Ne?=A? is consis-
effect of a positive cosmological constant tends to decreasent with the definitionA?=Le€?%/e as given in Refs[20,25
them. and[26]. (There is a minor difference in the definition of the
(d) The logarithmic term from the spins of the particles infrared cutoffL becauseN can be sufficient large, here it is
not only depends on the spin-rotation coupling effect but alsa shift byr, from the original infrared cutoff introduced by 't
on the coupling between the spins of particles and the cosHooft [7].) It should be noted that the system in the brick
mological constant. Figure 1 shows that how the coefficientvall region is, in fact, still in a local thermal equilibrium, and
of the square term of the spins for the logarithmic correctiornthe thin-layer model still works very well. Taking these into
to the entropies is affected by the specific angular momenaccount, the expression of the brick wall entropy in the Kerr
tum of the hole and the cosmological constant. black hole case reduces to
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and black hole event horizons are in thermal equilibrium.
Just as the Kerr black hole case, here one need not assume
local thermal equilibrium and he can still work with the
original BWM to calculate the entropy of each horizon. Of
course, the cutofL cannot be so large as to close to the
cosmological horizon. The final result of the entropy is still
expressed by Eq32) with the special restrictiorinamely,
M?=a’y?) on the allowed range of parameter of the luke-
warm solution. It should be noted that the same result can
also be arrived at by using the thin-layer method. This issue
can be easily understood as the brick wall entropy is mainly
attributed to the degrees of freedom of the field in the near
horizon region. As such we think the thin-layer method is
more universal than the original BWM.

(f) We do not consider here the contribution from the
FIG. 2. Compare the coefficient of the pure spin-dependent ternsuper-radiant modes. As is well known, for rotating black
to the logarithmic correction. The curve denoted by J&8] dem-  holes in an asymptotically flat space, classical super-radiance

onstrates that the entropy is decreased by the contribution from theffects occur only for bosonic but not fermionic fielf],
s? term. Both the curve denoted by AL{26] and that of ours however the quantum analog of super-radiance does occur
denoted by W&Y illuminate that the spin-rotation coupling effect for both bosonic and fermionic fieldg51]. It has been

—14

will increase the entropy of a Kerr black hole. pointed out that the super-radiant modes have a contribution
to the entropy of a rotating black hdlb2]. In the Kerr black
15+ (—1)%( A, 1 A} 3+(-1)> ¢ hole case, the effect of the super-radiant modes is to halve
= +—In—|+ ——— — ; - .
Os 16 1872 45In e 4 12 the leading contribution to the entropy of scalar and Dirac

fields [12,16. Their affect on the subleading term to the
A entropy for the nonextreme Kerr—de Sitter black hole is an
In—, (35  interesting problem and deserves to be discussed elsewhere.
€ (g) We do not address here the renormalization of the
divergence in the entropy of the nonextreme Kerr—de Sitter
whereAh:47-r(rﬁ+a2). black hole. A generally accepted belief is that the matter field
This result is very similar to that presented in RE25]  contributions to the entropy can be interpreted as one-loop
and[26]. In the scalar field case, it coincides with the resultcorrections to classical Bekenstein-Hawking entropy. The di-
given by Ref.[20]. In the cases of=1/2 (Dirac field, s  vergence of the brick wall entropy has the same origin as the
=1 (Maxwell field), s=3/2 (Rarita-Schwinger field ands  divergence of the one-loop effective action in quantum field
=2 (linearized gravitational fie)d it has the same coeffi- theory in curved space. The leading quadratic divergence of
cientss?/6 as that in Ref[25]. But these coefficient terms the entropy calculated by the brick wall model can be ab-
have a different tendency because they differ by the terms igorbed by the renormalization of the Newton gravitational
the square bracket. In the Rarita-Schwinger fiede=8/2)  coupling constant in the one-loop effective action for matter
case, our result manifests that the spins will increase thand gravitation field§53]. When gravity is described by a
entropies as pointed out by R¢R6]. Again they differ by  higher curvature effective action, the standard Bekenstein-
the coefficients of the quadratic tersd. The expressio®®  Hawking result is only the leading contribution in the en-
=s?a? cos?d A—(r?+a®)—2]/23 used in Refs[25] and[26]  tropy, and there are still additional corrections from the
but written in our notations, is probably the result that thosehigher curvature interactiofb4]. On the other hand, quan-
authors had missed some terms in the process of their apam corrections in curved space are known to result in higher
proximation. We point out that it should read®  order curvature contributions to the Einstein-Hilbert action
=4s%a? cos’dA—(r>+a?)]/23 and these coefficients pre- [55]. The subleading order logarithmic divergence in the en-
sented in Refg.25] and[26] are incorrect in the Kerr black tropy requires the introduction in the gravitational action of
hole case. The difference of the coefficients of the quadratiterm quadratic in the curvature to be renormalifgé] (see
term s (the pure spin-dependent terrbetween ours and also[19,34,57,58. The standard renormalization of Newton
those in Refs[25] and[26] is compared in Fig. 2. gravitational coupling constant, the cosmological constant
Case lII: In the lukewarm casg29,30, the nonextreme and other coefficients by the curvature squar@d) terms in
Kerr—de Sitter spacetime is characterized by the conditiothe one-loop effective gravitational acti¢B5] can remove
M2=a?y2. In the absence of rotation, the lukewarm solutionall the divergent(quadratic and logarithmjcterms in the
reduces to de Sitter spacetime. When the cosmological coentropy[56], so the remaining quantity is finite.
stant vanishes, it degenerates to the extreme Kerr black hole. In the case of nonextreme Kerr—de Sitter geometry, it is
Obviously the lukewarm solution is a special case of whatlear that the divergence coming from the integral in the
we have discussed in the above. In this case, the cosmologiragged optical space can be completely removed by the
cal and outer black hole horizons are distinct, but the temabove procedure, but it is unclear to us whether the logarith-
peratures on both horizons are equal, so the cosmologicahic divergence arising from the effective potential including

a’—rf  (rp+a?)? a
> + 3 arctan —
M ary

h
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the quadratic spin terms needs further introduction of otheat the Institute of Particle Physics, Hua-Zhong Normal Uni-
interaction terms to be renormalized because this divergenaeersity, Wuhan. Some results by manual manipulations and
explicitly contains quantum corrections to the brick wall en-their confirmations byvwAPLE 7 have been done for several
tropy from the spin-rotation coupling interaction. Though thetimes while preparing this paper.

renormalization of the divergence in the brick wall entropy

of the nonextreme Kerr—de Sitter bla(_:k hole has not beenAPPENDIX A: TEUKOLSKY-STAROBINSKY IDENTITIES
discussed here, we hope the expression of the entropy ob-

tained here can shed light on this subject because there is still Teukolsky’s master Equatiori$0) and(11) governing the
little work on dealing with this problem in a rotating black perturbation of Kerr—de Sitter space with massless fields can

hole spacetime. be separated into the angular parts

V. CONCLUSIONS
VAL A yLe—2(25~1)

In summary, we have studied the statistical entropies of
the nonextreme Kerr—de Sitter black holes due to arbitrary
spin fields, especially the subleading corrections to the black >
hole entropy arising from the coupling of the spins of par-
ticles with the rotation of the black holes. First, the null-
tetrad in the Newman-Penrose formalism is introduced to
decouple the Teukolsky master equations governing massless
scalar, neutrino, electromagnetic, gravitino, and gravitational
field perturbations of the Kerr—de Sitter space. Then, starting
from the Teukolsky master equations we seek the total num- a? 5
ber of the modes of the fields by taking the WKB approxi- X| xwacosf—(s— 1)|_2C°S 0] +As
mation. Last, the free energy and the quantum entropy of a
nonextreme Kerr—de Sitter black hole due to arbitrary spin (A1)
fields are calculated by the improved thin-layer brick wall
model. It is shown that the subleading order contribution toand the radial parts
the entropy is dependent on the square of three quantities, the
spins of particles, the specific angular momentum of black
holes, and the cosmological constant. The contribution of the
spins of particles to the logarithmic terms of the entropy
depends on the spin-rotation coupling effect and the effect of
the cosmological constant. It should be noted that the final
result also holds true in the lukewarm case where local ther-
mal equilibrium need not be assumed.

In particular, we have carefully investigated the effect of a
positive cosmological constant on the black hole entropy and
shown that the correction from the effective potential is of
the same order as that from the integral in the dragged opti-
cal space, and both of them cannot be discarded. However liiere we only consider the radial equations. It is clear that
should be noted that the correction from the “spin potential” (A;Rs) andR_g are proportional to complex conjugate func-
W has been attributed to that of the vacuum surrounding th&ions. The exact relationship between these functions are
black holes and it has been neglected here. Possible nevalled the famous Teukolsky-Starobinsky identities
quantum effects related to thes¥W’ term in a Kerr—de Sitter  [39,40,45
black hole geometry may be a very interesting thing and
deserve to be further investigated. It is also needed to extend ASD gSR,S: Cs(ASRy), AngZS(AfRS):C;‘ R_,
this analysis to the Kerr-Newman—de Sitter black hole case. (A3)

2

a
xwa cosf+(s—1) |—2c0520 + g

Ss=0,

VAL VA, LI+2(25-1)

S =0,

r2
A/D;_Di+2(2s— 1)( i yor —(5— 1)|—2> —\g
X (A7Rs)=0,

r2
ADI_Dy—2(2s— 1)( i yor +(s— 1)|—2> —Ns|R_s=0.

(A2)
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|Col?=[Np(Np+2—2a%/12) + 12a%/1%]?
—8x2w?\[(5\,+ 6~ 62%/1%+ 12a%12) o~ 1287

+ 144 w?( Y’ w?a*+2a%a?/1%+ M?), (A4)

where a’=a’—malw. The coefficient|C,|? corrects the
previous result$46], while the appearance ¢€5,? is the
first time, to our knowledge.

APPENDIX B: INTEGRALS IN TERMS OF THIN-LAYER
BRICK WALL MODEL

Distinguished from the original BWM, the thin-layer
BWM suggests that the entropy of a black hole with two
horizons mainly comes from a very thin layer in the vicinity
of the horizon where exists a local thermal equilibrium. Just
as the original BWM, it also imposes a small ultraviolet cut-
off & such that

T (x)=0 for r<sry+eg, (B1)
wherer,, denotes one coordinate of the two horizons of the

nonextreme Kerr—de Sitter black hole. In this paper, it rep-

resents the outer black hole event horizon or the cosmologi-

cal horizon, satisfying the horizon equation

2

;
Arh=(rﬁ+a2)(1—l—2 —2Mr,=0. (B2)

To remove the infrared divergence, it however introduces W=

another cutoff parameter—an arbitrary big intedérsuch
that
P(x)=0

for r=r,+Ne. (B3)

Suppose that the quantum field is rotating with the angular

velocity Q,= a/(rﬁ+ a®) in the thin layer near the horizon of
the Kerr—de Sitter black hole, we may expakdclose to the
event horizorr,, as

1
Ar:Ar’h(r—rh)*' EA;,h(r_rh)2+"', (B4)

and then expand three quantitigs, P, andW in terms of

J=g (rﬁ+a2)zsin0{ 1 +(6rh

o 4k, | (r—rp)?

Af sria,a’sin?g| 1
———+
S A
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the surface gravityk,= Ar’h/(ZX(rﬁJr a?)= 27-rAr’h/(X2Ah)
as follows:

- Ama%sin?g(r?—r3)2—A,32
9u XZ(I’%-{- 32)22

—2KkpZp(r—rp)
x(ri+a?)

2r
1 [ L
Shoo24,)
h

+ ...

X

4rZA ,a%sin?6
<2 (r—rp)
Arhz’h

_452+2 4s%a? cos?6
T T s

X| A —Ay(r?+a?)+

a?sin?¢
|2 *

4s°+2 45?3 cos?d| a®sin?6 __—
~ |2 + 23 |2 Eh_Ao(rh+a)
h
+oen
—acosd s r?
— | [xE+2a%sin?e| 1-—
x(rp+ads |

x(rz—rﬁ)+2A,2h]

—4kpa cosd N rn
2y A/
h

Jr25125in26 L ra
X S

X(r_rh)+"',

where3,=rz+a? cos?.

Expanding the integrands in the four integrijs-1, de-

fined in Eq.(26)

1N 2 —
A/SE e

(r2+a?sing| A/ 3rndf 1 4r2A ,a%sin?6| 1
h h h AW
- k - —ZA 4 , T
Axkisn | 2(r—ry) S, 27" 32 r—rp
_ —(r24 92 qi 2 2 ain2 2, .2
\N/ gP: (rp+a)sing | 4s +2+432a200320 a“sin G_Ag(rh+a) o (B6)
Ot 2xKp(r—rp) 12 125, s3 '
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J=g W2 4(r2+a?)%a’sin g cos?¢
9 5

—g A’ A’r’h(rﬁ+a2)asinacose{

an 43" ZXEﬁ
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' 2a®sin?¢ r 2+

A, X zh |2 . ",
"h
M 2a%sin?¢ ) r .
AI{h X Eh |2 .. .,

and carrying out the integrals with respecté@ndr, we finally arrive at

InN

1 |ri+a®N-1 3, a 3ri+a’
l1=—3 arctan — |+ | 1— ———
xxpl 7? N ary Mh 212

2 |15(ri+a?) L 3rpta?) A
= — 4 e — —1,
XK 4¢? 212 €
1 4+ 8s? a?—r2 9ri+7a?
l,= - (rh+a?)+s?| —; hy = h
4xkn 12 re |12

. a?—r2 ri—a®
s +

1 l 4(r2+a?)
- +

|2

" 2xxn |2

2
Mh

13~0O(e), 1,=0,

(B7)
ré+a® 9ri+a’\ri+a? a
I 5 arctan — InN
r I ary Ih
ré+a® 9ri+a’\ri+a? a A
— arctan — In—,
12 ary M €

whereAh:47-r(rﬁ+ a®)/ y is the horizon area. In the last step, we have replaced the ultraviolet euioff’-Ar’h/(42h) by the
proper distancey from the horizon to the inner brick waly= f::” @der(eEh/A;h)l’z. To be comparable with Refs.
[20,25 and[26], the new infrared cutoffA and ultraviolet cutoffe in the above equatiofB7) are defined by

a
N=A?¢?, nzz———arctarﬁ— .

(B8)

For largeN and smalla, Eq. (B7) implies 7%= 2¢%/15, which is used in the context.
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